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An ana ly t ica l  technique i s  developed t o  solve nonlinear combustion 
i n s t a b i l i t y  problems associated with l iquid-propellant  rocket motors. The 
analysis  produces the l imit-cycle behavior of unstable motor operation and 
the threshold amplitude required t o  t r i gge r  a l i n e a r l y  s t ab l e  motor i n to  
unstable operation by considering second order terms i n  the conservation 
equations. Calculated r e su l t s  ind ica te  t ha t  l imit-cycle amplitude increases 
with (1) increasing s e n s i t i v i t y  of the combustion process t o  a pressure 
o sc i l l a t i on ,  (2) increasing chamber Mach number, and (3) decreasing chamber 
length-to-diameter r a t i o .  Calculated pressure waveforms exhibi t  sharp peaks 
and shallow minima. The frequency i s  always wi thin  a few percent of the 
pure acoustic mode frequency. 
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An approximate ana ly t ica l  technique has been developed for  the  solut ion 
of nonlinear combustion i n s t a b i l i t y  problems t h a t  are  frequently associated 
with l iquid-propellant  rocket motors. The appl icat ion of t h i s  solut ion 
technique, t ha t  i s  based on the  Method of Weighted Residuals, i s  demonstrated 
by considering the  unstable behavior of a cy l indr ica l  l iquid-rocket  combustor 
with uniform in jec t ion  of propel lants  a t  one end and a mul t i -or i f ice  nozzle 
a t  the other end. Crocco's pressure sens i t ive  time-lag model i s  used t o  
describe the unsteady combustion process. It i s  shown t h a t  the behavior of 
unstable l iquid-rocket  combustors with low mean flow Mach numbers and 
moderate amplitude o sc i l l a t i ons  can be analyzed with the a id  of a s ing le  
nonlinear wave equation whose solut ion i s  considered i n  t h i s  repor t .  
Calculated r e s u l t s  indicate  t ha t  the analysis  can produce the  t rans ien t  
behavior and nonlinear wave shape t h a t  have been observed during unstable 
motor operation, the  l imit-cycle amplitude and frequency typ ica l  of unstable 
motor operation, and the  threshold amplitude required t o  t r igger  a l i nea r ly  
s t ab l e  motor i n to  unstable operation. These r e s u l t s  es tab l i sh  the  re la t ion-  
ship  t ha t  ex i s t s  between the  r e su l t i ng  i n s t a b i l i t y  (i .e . , waveform, f i n a l  
amplitude, and f i n a l  frequency) , the combustion parameters (i. e . , in te rac t ion  
index, n, and time-lag, 3 , and the  chamber Mach number and length-to-diameter 
r a t i o .  Results ind ica te  t ha t  the l imit-cycle amplitude increases with 
increasing s e n s i t i v i t y  of the  combustion process t o  pressure o sc i l l a t i ons .  
For most cases an increase i n  the  chamber Mach number or a decrease i n  the 
chamber length-to-diameter r a t i o  r e su l t s  i n  a l a rger  l imit-cycle amplitude. 
Calculated pressure waveforms exhibi t  sharp peaks and shallow minima, and the 
frequency of o s c i l l a t i o n  i s  always within a few percent of the frequency of 
one of the  chamber ' s  acoustic modes . 
INTRODUCTION 
Observation of the behavior of unstable rocket motors indicates  t ha t  
combustion i n s t a b i l i t y  can be divided i n to  two categories;  t ha t  i s ,  l i nea r  
and nonlinearr i n s t a b i l i t i e s .  Linear i n s t a b i l i t i e s  a re  spontaneous i n  nature,  
and they are  usual ly  an outgrowth of the  combustion noise present  i n  the 
system. On the  other  hand, nonlinearly unstable motors require the in t ro -  
duction of a f i n i t e  amplitude disturbance t o  produce combustion i n s t a b i l i t y .  
I n  e i t he r  case the  i n s t a b i l i t y ,  a f t e r  a t rans ien t  period,  reaches a l imi t ing  
maximum anrplitude ( i  . e . , l imi t -cycle  amplitude) a t  which it o s c i l l a t e s  with 
a frequency t ha t  i s  usually close t o  the  frequency of one of the  chamber's 
acoustic modes. Pressure measurements taken during t e s t  f i r i ngs  of unstable 
motors ind ica te  t h a t  the  l imit-cycle waveforms a re  non-sinusoidal; t h a t  i s ,  
1 they exhibi t  sharp peaks and f la t t ened  minima . These r e s u l t s  ind ica te  t ha t  
non l inear i t i es  need t o  be considered i n  the  t heo re t i c a l  treatment of combustion 
i n s t a b i l i t y  . 
I n  addi t ion t o  being able t o  p r ed i c t  the  nonlinear s t a b i l i t y  character- 
i s t i c s  of l iquid-propellant  rocket motors, a p r a c t i c a l  t heo re t i c a l  treatment 
should endeavor t o  f u l f i l l  the  following object ives :  
1. It should be able t o  analyze multi-dimensional i n s t a b i l i t i e s .  
2. I t s  application should be straightforward.  
3. It should require  l i t t l e  computation time. 
The t heo re t i c a l  treatment described i n  t h i s  repor t  has the po t en t i a l  of meeting 
these objectives.  
The application of the  theory presented herein  w i l l  be demonstrated by 
considering the  behavior of a n  unstable liquid-prop e l l a n t  rocket combus t o r  
with uniform in j ec t i on  of propellants a t  one end and a mul t i -or i f ice  nozzle 
a t  the  other end. Crocco's pressure s ens i t i ve  time l a g  model2 i s  used t o  
describe the  unsteady combustion process. Only pure transverse modes are  
considered i n  t h i s  repor t .  
I n  the  sections t o  follow, the  development of the wave equation fo r  the  
analysis  of nonlinear combustion i n s t a b i l i t y  i n  l iquid-rockets w i l l  be b r i e f l y  
described, the  solut ion of t h i s  problem w i l l  be outl ined,  and typ ica l  r e s u l t s  
w i l l  be presented and discussed. Two appendices, which represent a User's 
Manual for the computer programs that are used to solve this problem, are 
also included with this report. 
SYMBOLS 
time-dependent coefficients in series given by Eq. (6) 
boundary residual 
velocity of sound, ft/sec 
coefficients of nonlinear terms in Eqs. (9) and (10) 
residual of Eq. (5) x. 
R A 
dimensionless frequency, f*($) 
C 0 
Bessel f'unction of the first kind, order m 
coefficients of linear terms in Eqs. (9) and (10) 
chamber length- to-diameter ratio 
tangential mode number 
pressure interaction index 
uni t outward normal vector 
* * *2 dimensionless pressure,. Yp /poco 
unsteady nozzle response flmction (see Eq. (2)) 
dimensionless radial coordinate, r*/~g 
motor radius, ft 
dimensionless transverse mode frequency 
b dimensionless time, 
- 
U 
-* * dimensionless steady state velocity, u 1% 
* * dimensionless velocity vector, 1 /c0 
unsteady combustion mass source 
dimensionless axial coordinate, z*/R% 
ratio of specific heats 
ordering parameter 
azimuthal coordinate 
* * dimensionless density, p /p 0 
,* 
dimensionless pressure sensitive time lag, I 
(~;/c;) 
velocity potential 
[%on (r ,e) , (r ,@) weighting functions in Eqs . (7) mn 
w dimensionless angular frequency, Z T T ~  
Subscripts : 
evaluated at the nozzle entrance 
radial mode number 
partial differentiation with respect to r7 t7 z, or 8 
stagnation quantity 
Superscripts : 
perturbation quantity, differentiation with respect to 
argument 
steady state quantity 
dimensional quantity 
approximate solution 
DEVELOPMENT AND SOLUTION OF THE EQUATIONS 
Development of the  Wave Equation 
To keep the  problem as simple as poss ible ,  y e t  s t i l l  physical ly  meaning- 
ful, the  following assumptions a r e  made. The gas phase i n  the combustor i s  
assumed t o  consis t  of a s ing le  consti tuent which i s  thermally and ca lo r i ca l l y  
per fec t .  Transport phenomena, such as di f fus ion,  v i scos i ty ,  and heat  conduction 
are neglected. The momentum and spec i f ic  stagnation enthalpy of the  unburned 
propellant  i s  assumed constant throughout the chamber. It i s  a l so  assumed 
tha t  the Mach number of the  combustor's mean flow i s  small and t ha t  the  waves 
have moderate amplitudes. 
As a r e s u l t  of the  l a s t  two assumptions, the  governing conservation 
equations may be combined and the  unsteady flow i n  the  combustor can be 
described by a s ing le  nonlinear p a r t i a l  d i f f e r en t i a l  equation. The derivation 
of t h i s  equation appears i n  Refs. 3 and 4,  where it was assumed tha t  each 
per turbat ion quanti ty and the mean flow Mach number were of 0 (g) , where € i s  
a small ordering parameter tha t  i s  a measure of the wave amplitude. After 
3 neglecting a l l  terms of 0 ( c  ) or higher and combining equations, one obtains 
the  following nonlinear p a r t i a l  d i f f e r e n t i a l  equation t h a t  describes the 
behavior of the ve loc i ty  po t en t i a l ,  m: 
Equation (1) i s  the  desired wave equation, and i t  i s  similar  to  the 
5 inhomogeneous wave equation used by Maslen 'and Moore . This equation accounts 
for  the  following e f f ec t s :  (1) the e f f e c t  of a steady s t a t e  flow on the  wave 
motion (v iz . ,  the f i r s t  two terms on the right-hand side) , (2) the  coupling 
between the gas dynamical o sc i l l a t i ons  and the unsteady combustion process 
(v i z . ,  the  l a s t  term on the  right-hand side) , and (3) the  second order 
non l inear i t i es  of the  gas dynamical processes (v iz . ,  the  t h i rd  and fourth 
terms on the right-hand s ide ) .  
In addit ion t o  sa t i s fy ing  Eq. (1) , the  desired solutions must s a t i s f y  
r i g i d  wall  boundary conditions a t  the i n j ec to r  end of the  chamber and a t  the  
chamber wal ls ,  while a boundary condition describing conservation of mass 
must be s a t i s f i e d  a t  the  nozzle entrance. The nozzle boundary condition 
2 
correct  t o  0 ( c  ) i s  given by: 
where i s  a quant i ty  whose form depends upon the unsteady flow ins ide  the  
nozzle; the  remaining terms i n  Eq. (2) represent the  per turbat ion of the 
mass f l u x  leaving the chamber. The mul t i -or i f ice  nozzle assumption permits 
use of the quasi-steady r e s u l t  t ha t  the Mach number a t  the nozzle entrance 
6 i s  constant . Thus the  quant i ty  i n  Eq. (2) , becomes 3 
The unsteady combustion process i s  represented by mass sources d i s t r ibu ted  
throughout the  volume of t he  chamber, and the response of the  mass sources to  
pressure o sc i l l a t i ons  i s  assumed t o  be described by Crocco's pressure sensi-  
2 t i v e  time-lag hypothesis . The mass source per turbat ion,  W' i s  then given 
m ' by3 y 7 .  
where n and 7 are  the two parameters t ha t  Crocco used t o  describe the unsteady 
combustion process. Here n i s  a pressure " interact ion index" t ha t  describes 
the  s e n s i t i v i t y  of the  combustion process t o  pressure o sc i l l a t i ons .  The 
parameter 5, commonly re fe r red  t o  as t he  sens i t ive  time-lag, i s  the p a r t  of 
the  t o t a l  combustion time-lag during which the combustion process i s  sens i t ive  
t o  pressure o sc i l l a t i ons .  
Subst i tu t ing Eq. (4) i n t o  Eq. (1) and expressing the  resu l t ing  equation 
i n  a cy l indr ica l  coordinate system (see Fig. 1) yie lds  the  following wave 
equation: 
Figure 1. Combustor configuration and coordinate system. 
Method of Solution 
Equation (5) i s  a nonlinear wave equation f o r  which there  i s  no known 
closed-form mathematical solut ion.  Consequently it is  necessary t o  r e s o r t  
t o  the  use of e i t he r  numerical so lu t ion  techniques or approximate ana ly t ica l  
techniques. Since the  numerical so lu t ion  techniques generally require  
excessive computer time, the  l a t t e r  approach i s  used. The experience of 
previous invest igators  i n  the f i e l d s  of s t r u c t u r a l  s t a b i l i t y  and ae roe l a s t i c i t y  
indicates  t h a t  an approximate so lu t ion  technique known as the  Method of 
Weighted Residuals8" may be e f fec t ive  i n  the solut ion of t h i s  nonlinear 
wave equation. 
I n  order t o  employ the  Method of Weighted Residuals i n  the  so lu t ion  of 
Equation ( 5 ) ,  it i s  f i r s t  necessary t o  express the ve loc i ty  po t en t i a l ,  @ ,  as 
N 
an approximating s e r i e s  expansion, @. The question na tura l ly  a r i s e s  as t o  
what form of s e r i e s  expansion should be used. Inasmuch as the  experimentally 
observed pressure o sc i l l a t i ons  during combustion i n s t a b i l i t y  usual ly  resemble 
the  na tura l  acoustic modes of the  chamber, the  ve loc i ty  po t en t i a l ,  m ,  i s  
expressed as a s e r i e s  expansion of the  na tu r a l  acoustic modes of the chamber 
with unknown time-dependent coef f ic ien t s .  Res t r i c t ing  a t t en t i on  t o  pure 
N 
t ransverse modes the approximate ve loc i ty  po t en t i a l ,  @,  i s  expressed i n  the 
following form : 
Each term i n  the  expansion s a t i s f i e s  the  s o l i d  w a l l  boundary conditions a t  
the  i n j ec to r  end (i. e.  , z = 0) and a t  t he  chamber wal l  (i . e . , r = 1) ; however, 
the  boundary condition imposed a t  t he  nozzle end ( i . e . ,  a t  z  = z where 
e  
z  = ~(L/D)  i s  not exactly s a t i s f i e d  by the  individual  terms. Including 
e  - 
both the  sinme and cosme terms i n  the  expansion of @ allows f o r  the 
p o s s i b i l i t y  of e i t h e r  spinning or  standing wave solut ions .  
I n  order t o  obtain a  solut ion,  the  unknown time-dependent mode-amplitudes 
( i . e . ,  ~ ~ ( t )  and ~ ~ ~ ( t ) )  a re  determined by t he  following mathematical 
N 
procedure. The assumed se r i e s  expansion, @, ( i . e . ,  Eq. (6)) i s  subs t i tu ted  
- . - 
i n t o  t he  wave equation (i .e. ,  Eq. (5))  t o  form the  equation res idua l ,  E(@) . 
Similar ly ,  subs t i tu t ing  the  s e r i e s  expansion i n to  the  nozzle boundary 
m 
condition (i .e., Eqs . (2) and (3)) y ie lds  the  boundary res idua l ,  B ( @ )  . In  the 
event t h a t  these res iduals  are  both i den t i ca l l y  zero, t he  solut ion i s  an 
- N 
exact solution.  The res iduals  E(@) and B(@) are  the  e r rors  incurred by using 
CV 
the approximate so lu t ion ,@.  
N 
According t o  t he  Method of Weighted Residuals, the  res idua l s ,  E(@) and 
- 337. B (m) , must sat isf 'y the  following orthogonali ty conditions . 
where the  weighting functions Y ( r  ,@) and y ( r y e )  aY.e given by: jk j k 
The chosen weighting m c t i o n s  must correspond t o  the  terms t ha t  appear i n  
the  assumed se r i e s  solution;  t h a t  i s  Eq. (6 ) .  
Performing the  s p a t i a l  in tegra t ions  indicated  i n  Eqs. (7) y i e l d s  t h e  
following system of  nonlinear,  ordinary d i f f e r e n t i a l  equations: 
where 
There i s  a s e t  of equations (i . e . ,  Eqs. (9) and (10)) corresponding t o  each 
N 
value of j and k included i n  the  s e r i e s  expansion,@. Since the  coef f i c ien t s  
given by Eqs. (11) depend on the  steady s t a t e  ve loc i ty  a t  the  nozzle entrance, 
the  knowledge of t h e  funct ion E(z) i s  not necessary. The coef f i c ien t s  of the  
nonlinear terms (i .e . ,  C1 through C ) are  determined by evaluating t h e  various 4 
i n t e g r a l s  of trigonometric and Bessel  f'unctions t h a t  a r i s e  from the  s p a t i a l  
in tegra t ions  indicated i n  Eqs. (7) . These i n t e g r a l s  and expressions f o r  the  
coef f i c ien t s  a re  given i n  Appendix A .  
The unstable behavior of an engine i s  determined by specifying the  form 
o f  the  i n i t i a l  disturbance and then following t h e  subsequent behavior of the  
ind iv idua l  modes by numerically i n t e g r a t i n g  Eqs. (9) and (10) . Once the  
H 
time-dependence of the  individual  modes i s  known, t h e  ve loc i ty  p o t e n t i a l ,  @, 
i s  ca lcula ted  from Eq. (6) . The pressure  per turbat ion a t  any loca t ion  wi th in  
H 
the chamber i s  r e l a t e d  t o  @ by the  following second-order momentum equation 
(see  Refs. 3 and 7) : 
I n  summary, the  theory presented i n  t h i s  s e c t i o n  represents  a  two-stage 
s impl i f i ca t ion  of the  o r i g i n a l  problem. I n  t h e  f i r s t  s tage  the  problem has 
been reduced t o  the  so lu t ion  of a  s ing le  nonlinear,  p a r t i a l  d i f f e r e n t i a l  
equation (i .e . ,  Eq. (5))  . I n  t h e  second s tage  the so lu t ion  was expanded i n  
a s e r i e s  of acoust ic  modes with time dependent coef f i c ien t s  and the  Method 
of Weighted Residuals was used t o  replace the  so lu t ion  of t h e  nonlinear 
p a r t i a l  d i f f e r e n t i a l  equation with the  so lu t ion  of a  system of  nonlinear,  
ordinary d i f f e r e n t i a l  equations ( i . e . ,  Eqs. (9) and ( 1 0 ) ) .  Typical numerical 
so lut ions  of these equations w i l l  be  presented and discussed i n  the  following 
sec t ion .  
RESULTS AND DISCUSSION 
General Consider a t ions  
The a p p l i c a b i l i t y  of an a n a l y t i c a l  model t o  the so lu t ion  of a  physica l  
problem depends upon the  a b i l i t y  of t h e  a n a l y t i c a l  model t o  produce r e s u l t s  
s i m i l a r  t o  those observed i n  r e a l i t y .  As mentioned i n  the  Introduction,  most 
l iquid-rocket  motor combustion i n s t a b i l i t i e s  a r e  characterized by nonlinear 
wave shapes which, a f t e r  a  t r a n s i e n t  per iod,  reach a maximum amplitude ( i . e . ,  
a  l imi t -cycle  amplitude) t h a t  character izes  t h e i r  subsequent behavior. This 
i n s t a b i l i t y  can develop i n  the following two ways: (1) a motor can become 
spontaneously unstable from the  noise generated by the  combustion process 
( i . e . ,  l i n e a r  i n s t a b i l i t y )  or  (2) a  l i n e a r l y  s t a b l e  motor can be driven i n t o  
i n s t a b i l i t y  by the  in t roduct ion of a  f i n i t e  amplitude disturbance (i .e . , 
t r iggered i n s t a b i l i t y )  . Consequently the  object ives  of t h i s  sec t ion  a r e  t o  
demonstrate t h a t  t h i s  ana ly t ica l  development can: 
1. Produce nonlinear wave shapes s imilar  t o  those observed during 
the unstable operation of a rocket motor. 
2. Predic t  the  t rans ien t  behavior and l imit-cycle amplitude of a 
l i n e a r l y  unstable rocket motor. 
3 .  Predict  the  threshold disturbance amplitude required t o  t r i gge r  
a l i n e a r l y  s t ab l e  motor i n t o  unstable operation and then determine 
the  r e su l t i ng  l imit-cycle amplitude. 
Once it has been established t ha t  t he  ana ly t ica l  treatment can properly 
describe the nonlinear charac te r i s t i cs  of unstable l iquid-rocket  motors, data  
w i l l  be presented t o  i l l u s t r a t e  t o  the rocket designer how various motor 
- parameters, such as chamber Mach number, u and chamber length-to-diameter 
e ' 
r a t i on ,  L/D, can a f f ec t  the  s t a b i l i t y  charac te r i s t i cs  of a motor. Because of 
the numerous combinations of motor parameters used i n  ac tua l  l iquid-rocket  
motors, an attempt t o  present a comprehensive parametric study i s  impractical .  
Instead,  typ ica l  ana ly t ica l  predictions w i l l  be presented which i l l u s t r a t e  the  
r e s u l t s  t h a t  can be expected. 
A l l  s t a b i l i t y  predic t ions  were obtained with a three-mode s e r i e s  expan- 
s ion.  The three-mode expansion includes the following acoustic modes: the  
f i r s t  t angen t ia l  (1~) , the  second tangent ia l  ( 2 ~ )  , and the  f i r s t  r a d i a l  (1~) 
modes. S t a b i l i t y  predic t ions  obtained with three  types of i n i t i a l  disturbances 
w i l l  be presented; t h a t  i s ,  a pure spinning 1 T  disturbance, a pure standing 
1 T  disturbance, and a pure 1R disturbance. 
Nonlinear Behavior 
To determine the  shape of the  nonlinear pressure waveforms, calculat ions 
were made f o r  a standing f i r s t  t angen t ia l  disturbance. The time dependence 
of the individual  s e r i e s  terms (i e . ,  A )  and ~ ~ ( t ) )  a t  the  l i m i t  cycle 
i s  shown i n  Fig. (2). These functions strongly resemble sinusoids . The 
frequency of the  s e r i e s  term corresponding t o  the 1 T  mode (i .e . ,  ~ ~ ~ ( t )  ) 
d i f f e r s  only by a few percent from the corresponding pure acoustic frequency, 
while the  1R ( i . e . ,  BOl(t)) and 21 ( i . e . ,  B ( t ) )  terms o s c i l l a t e  a t  twice 21 
the  1 T  acoustic frequency. 
The three modes shown i n  Fig. (2) are  combined ( i . e . ,  see Eq. (12)) t o  

obtain  the  nonlinear pressure waveform. Typical pressure waveforms determined 
a t  the  chamber wal l  a re  shown i n  Fig . (3)for  a standing 1T disturbance. The 
e f f ec t  of the  higher harmonics shown i n  Fig. (2) i s  t o  d i s t o r t  the  pressure 
waveform in to  a cha rac t e r i s t i c  nonlinear shape which exhibi ts  sharp peaks and 
shallow minima. An osc i l l a t i on  of twice the fundamental frequency appears 
a t  the locat ion of the  acoustic pressure node, 0 = 0' , of t h e  1T se r i e s  term. 
Waveforms s imilar  t o  the 90' curve i n  ~ i ~ . ( 3 )  were calculated fo r  spinning 
osc i l l a t ions ;  however i n  t h i s  case the pressure amplitude did not vary with 
angular posi t ion,  and the  waveforms dif fered only i n  phase. 
Limit-cycle amplitudes of l i n e a r l y  unstable motors were computed by 
speciming an i n i t i a l  disturbance and continuing the step-by-step in tegra t ion  
of Eqs . (9) and (10) u n t i l  a per iodic  solut ion was obtained; t ha t  i s ,  the 
amplitude of the pressure o s c i l l a t i o n  remained e s sen t i a l l y  constant. Such 
behavior i s  i l l u s t r a t e d  i n  Fig. ( 4 ) .  As observed i n  a l i n e a r l y  unstable 
rocket motor, a small disturbance i s  shown t o  grow t o  a l imit-cycle amplitude. 
The computation time required t o  approach the  l imit-cycle amplitude corresponds 
t o  about 40 seconds on the Univac U08 computer. 
Such r e s u l t s  can be combined t o  produce a l imit-cycle amplitude map, 
which i s  of importance t o  rocket motor designers. Such a map i s  shown i n  
Fig. (5) for a 1 T  spinning disturbance where l i ne s  of constant pressure 
amplitude and l i ne s  of constant frequency are  p lo t ted  on an (n,?) plane. The 
region i n  which l imit-cycle amplitudes were found i s  bounded below by the 
neu t ra l  s t a b i l i t y  l i m i t  ( l i n e  of zero amplitude) fo r  the  1 T  mode. A similar  
s t a b i l i t y  map i s  shown i n  Fig. (6) f o r  a standing 1 T  disturbance. 
Limit-cycle amplitude maps s imilar  to  Figs. (5) and (6) could, i n  
p r inc ip le ,  be used t o  determine the operating (n,?) values of a spontaneously 
unstable motor from t e s t  data.  These f igures  cannot be used i f  the motor was 
t r iggered i n t o  unstable operation. The values of n and 7 fo r  a l i n e a r l y  
unstable motor can be obtained from the  aforementioned s t a b i l i t y  maps by using 
the  following procedure. Suppose a rocket engine i s  spontaneously unstable 
with respect  t o  the 1 T  spinning mode and the  maximum peak-to-peak chamber 
pressure amplitude and frequency a re  measured. Lines of constant amplitude 
and constant frequency corresponding t o  the measured values can be p lo t ted  on 
Fig. (5) by in terpola t ion.  The point  of in te r sec t ion  of these l i n e s  determines 
Figure 3. Nonlinear pressure  waveforms f o r  t h e  standing f i r s t  
t a n g e n t i a l  mode. 

Constant Amplitude (pk - pk) 
------ Constant Frequency Ratio, W/S= 
Time Lag, 5 
Figure 5. Limit-cycle amplitude map for a spinning mode. 
Constant Amplitude ( ~ k  - ~ k )  
------ Cons t an t  Frequency Ratio, w/sU 
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Figure 6. Limit-cycle amplitude map f o r  a standing mode. 
t h e  n and 7 values fo r  the  unstable engine. 
An example of a t r igger ing  l i m i t  i s  shown i n  Fig. (7) f o r  a 1R disturb- 
ance. The upper p l o t  of Fig. (7) shows the  wave shape and wave envelope of 
an i n i t i a l  disturbance of small amplitude, whereas the wave envelope presented 
i n  the  middle p l o t  shows the  manner i n  which t h i s  disturbance decays t o  zero 
amplitude. However, f o r  the same operating conditions, an i n i t i a l  disturb- 
ance of somewhat l a rge r  amplitude ( i . e . ,  see  lower p l o t ) ,  was found t o  grow. 
Interpola t ion between the  amplitudes of these two i n i t i a l  disturbances y ie lds  
the  threshold disturbance amplitude required to  t r i gge r  a l i n e a r l y  s t ab l e  
motor i n to  unstable operation. The numerical procedure fo r  calcula t ing the  
t r igger ing  amplitude i s  described i n  Appendix B.  
A t r igger ing  map for  1 R  disturbances i s  shown on the  (n,? plane i n  Fig. 
(8) . Above the  uppermost s o l i d  curve ( the  neu t r a l  s t a b i l i t y  l i m i t )  the  motor 
i s  l i n e a r l y  unstable and l imi t -cycle  amplitudes were found. The lower so l i d  
curve i s  the nonlinear s t a b i l i t y  l im i t ;  below t h i s  curve a l l  disturbances 
decayed. Between these curves i s  the  region of nonlinear i n s t a b i l i t y  where 
small amplitude disturbances decay and l a rge  ones grow. I n  t h i s  nonlinearly 
unstable region, curves of constant t r igger ing  amplitude are  shown. For 
values of 7 l e s s  than about 0.6 the  l i nea r  and nonlinear s t a b i l i t y  l im i t s  
coincide and t r igger ing of 1R i n s t a b i l i t y  cannot occur. Here l imit-cycle 
amplitudes were calculated f o r  points  i n  the  l i n e a r l y  unstable region. 
Several l imi ta t ions  t h a t  are  imposed upon the  r e su l t s  presented herein  
should be pointed out .  F i r s t ,  these r e s u l t s  were computed with the  a id  of a 
theory i n  which terms of t h i rd  order (i l . , 0(c3) ) or  higher were neglected. 
Consequently the  accuracy of the predicted l imi t -cycle  amplitudes and 
t r igger ing  l im i t s  with amplitudes above a ce r t a in  l i m i t  (say p 1  = 0.5) are  
2 
open t o  question. Second, the  0 ( ~  ) theory i s  unable t o  p red ic t  t r igger ing 
fo r  1 T  disturbances, thus a t r igger ing map f o r  the  1 T  mode, s imilar  to  Fig. 
(8) ,  cannot be generated. It can be shown, however, t ha t  t r igger ing fo r  1 T  
3 disturbances can be described when the  0 ( c  ) terms are  re ta ined i n  the  
analys i s  3'10. Final ly ,  the  l imi ta t ions  mentioned above a re  a lso  the  causes 
2 
of the  i n a b i l i t y  of the  0 ( c  ) theory t o  p red ic t  the  l imit-cycle amplitudes 
a t ta ined by tr iggered 1R mode i n s t a b i l i t i e s  . 
2 
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(b) I n i t i a l  disturbance below t r igger ing l i m i t  . 
Cycles 
( c) I n i t i a l  disturbance above t r igger ing limit . 
Figure 7. Time h i s to r i e s  of i n i t i a l  f i r s t  r a d i a l  mode 
distur'bances near a t r igger ing l i m i t .  
------ Triggering Amplitude, ~ ~ ~ ( 0 )  
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Nonlinear S t a b i l i t y  L i m i t  - 
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Figure 8. Nonlinear s taibil i ty map for  f i r s t  r a d i a l  
mode d i s  tur'bances . 
Effect  of Motor Parameters 
Using the three-mode s e r i e s ,  numerical calculat ions were made t o  
determine the  e f f ec t  of the  motor operating parameters ge and L/D upon the  
f i n a l  o sc i l l a t i on  a t ta ined i n  a l i n e a r l y  unstable motor. Figure (9) shows 
the  var ia t ion  of l imi t -cycle  amplitude with fie fo r  a f ixed value of L/D fo r  
a standing 1T mode. These curves show t h a t ,  f o r  most cases, an increase i n  
- the  steady s t a t e  veloci ty ,  u r e su l t s  i n  a l a rge r  l imi t -cycle  amplitude. 
e ' 
For a f ixed value of Tie , Fig. (10) shows t h a t  the  pressure amplitude decreases 
with increasing length.  
S W Y  AND CONCLUSIOl!TS 
An ana ly t ica l  technique has been developed fo r  the so lu t ion  of nonlinear 
combustion i n s t a b i l i t y  problems t h a t  are  frequently associated with l iquid-  
propellant  rocket motors. Comparison of the  ana ly t ica l  nonlinear r e su l t s  
with the nonlinear r e s u l t s  obtained during rocket motor i n s t a b i l i t i e s  show 
good qua l i t a t i ve  agreement. The analysis  can produce the  nonlinear wave shape 
generally observed during unstable motor operation,  the  l imit-cycle amplitude 
and frequency t h a t  cha rac t e r i s t i c a l l y  typ i fy  unstable motor operation,  and a 
threshold amplitude required t o  t r i gge r  a l i n e a r l y  s t ab l e  motor i n to  unstable 
operation. 
The technique uses the Method of Weighted Residuals t o  reduce the solution 
of the  o r ig ina l  system of p a r t i a l  d i f f e r e n t i a l  conservation equations t o  the  
solut ion of a system of ordinary d i f f e r e n t i a l  equations. These ordinary 
d i f f e r e n t i a l  equations describe the  t rans ien t  behavior of the  amplitudes of 
the combustion chamber acoustic modes. Following the  computed t rans ien t  
behavior of the  chamber's mode-amplitudes provides the  invest igator  with a 
descr ipt ion of the  nonlinear phenomenon under consideration. 
Calculated r e s u l t s  e s t ab l i sh  the  re la t ionsh ip  t h a t  ex i s t s  between the 
r e su l t i ng  i n s t a b i l i t y  ( i . e . ,  waveform, f i n a l  amplitude, and f i n a l  frequency), 
the  combustion parameters, and the  chamber Mach number and length-to-diameter 
r a t i o .  These r e s u l t s  ind ica te  t h a t  the  amplitude of a l imit-cycle o sc i l l a t i on  
i n  a l i n e a r l y  unstable motor increases with increasing s e n s i t i v i t y  of the  
- 
Mach Nuniber a t  Nozzle mt rance ,  ue 
Figure 9. Effect  of chaniber Mach nwciber on l imit-cycle 
amplitude f o r  a standing mode. 
" 
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Chamber Length-to-Diameter Ratio, L/D 
Figure 10. Effect of chamber length-to-diameter ratio on 
limit-cycle amplitude for a standing mode. 
combustion process t o  pressure o sc i l l a t i ons .  The frequency of o sc i l l a t i on  i s  
always wi thin  a few percent of the  frequency of the  acoustic f i r s t  t angen t ia l  
mode. For most cases an increase i n  the  steady s t a t e  veloci ty  or  a decrease 
i n  the  chamber length-to-diameter r a t i o  r e s u l t s  i n  a l a rge r  amplitude 
o sc i l l a t i on .  Calculated pressure waveforms exhibi t  sharp peaks and shallow 
minima. 
Both l i s t i n g s  and ins t ruc t ions  fo r  the  use of the  computer programs tha t  
were developed during the course of these invest igat ions  are  provided i n  the 
appendices of t h i s  repor t .  
PROGRAM NLCOEF: TO DETEBKIXE THE 
COEFFICIENTS OF THE NONLINEAR TERMS 
Statement of the  Problem 
Program NLCOEF calcula tes  the  coeff ic ients  of the  nonlinear terms which 
appear i n  Eqs. (9) and (10) . These coef f ic ien t s  a r e  required as input f o r  
Program LIMCYC which in tegra tes  t h i s  system of equations. The coef f ic ien t s  
t h a t  a re  required depend on the choice of terms t o  be included i n  the s e r i e s  
ry 
so lu t ion  fo r  G (see Eq. (6)), therefore  t h i s  information must be provided as 
input t o  Program NLCOEF. The output of Program NLCOEF i s  punched onto cards 
f o r  input t o  Program LIMCYC. 
The coef f ic ien t s  t o  be calculated a re  functions of various in tegra l s  of 
trigonometric and Bessel functions and a re  given by the following expressions: 
X { ~ [ S  S I (p,myj)Ji3(m,n; P,v; j,k) - mn pv css 
x {2[S S I (m,P, j) Ji (m,n; P,v; j ,k) - mn pv css 3 
x{2[s mn S  pv I css ( j , m , l z ) ~ i ~ ( m , n ;  P,v; j ,k)  + 
x {21S mn S  pv I ccc ( m , ~ ,  j )  ~ i ~ ( m , n ;  4 , ~ ;  j ,k) + 
where the  number N i s  def ined  as  fo l lows:  j 
N = 1  f o r  j # O  j 
N . = 2  f o r  j = O  J 
The i n t e g r a l s  appearing i n  Eqs. (Al) are  defined as follows: 
2Tr 




I c s s  (p,m, j) = 1 cas p8 sinme s i n  j0d0 
0 
Icss (j ,m,p) = cos j0 s i n  me s i n  p0de 
0 
where m y  p, and j a r e  t a n g e n t i a l  mode numbers and n, v, and k a r e  r a d i a l  mode 
num'oers and a l l  a re  non-negative in tegers .  Each of t h e  coef f i c ien t s  given by 
dGpV i n  Eqs . (9) and (10) where F  Eqs. ( A l )  mul t ip l i e s  a  term of the  form Fmn 
and G a re  the  appropriate mode-amplitude funct ions ,  e i t h e r  ~ ( t )  or  ~ ( t )  . Thus 
j i s  the  t a n g e n t i a l  mode number of  the  equation i n  which a  p a r t i c u l a r  coef f i -  
c i e n t  appears, and k i s  the  corresponding r a d i a l  mode number; m i s  the  t angen t ia l  
mode number of t h e  f a c t o r  which i s  not d i f f e r e n t i a t e d  ( i .  Fmn) and n  i s  t h e  
r a d i a l  mode number of t h i s  f ac to r ;  while p  i s  the  t a n g e n t i a l  mode number of the  
d i f f e r e n t i a t e d  f a c t o r  ( e .  ,2') , and v  i s  the  r a d i a l  mode number of the  
d i f f e r en t i a t ed  fac tor .  
St ructure  of the  Numerical Solution 
A flow char t  f o r  Program rJLCOEF i s  shown i n  Fig. (A-1) . Subroutine 
Figure A - 1 .  Flow Chart. 
SUBROUTINE 
AZIMTL 
AZIMTL calcula tes  the  azimuthal in tegra l s  given by Eqs. ( ~ 2 )  . Subroutine 
RADIAL computes the r a d i a l  in tegra l s  given by Eqs . ( ~ 3 )  . Subroutine JBES 
calcula tes  the  values of the  Bessel f'unctions appearing i n  the  integrands 
of Eqs . ( ~ 3 )  . Program NLCOEF computes the  coeff ic ients  according to  Eqs . (a) . 
b IWUT * 
. 
SUBROUTINE 
M D I A L  OUTPUT 
Input Data 
The input data  consis ts  of the  r a t i o  of spec i f i c  heats  and information 
indicat ing which modes a re  included i n  the  approximate s e r i e s  expansion. 
The coeff ic ients  given by Eqs. ( A l )  a re  of fowl types ( i . e . ,  C1, C g J  C 3' 








reduced t o  one type of coeff ic ient  described by three  indices as follows. 
The terms t o  be included i n  the s e r i e s  expansion a re  arranged i n  some order 
and numbered consecutively beginning with one. The order of t h i s  sequence 
i s  not important except when both the  "A" functions and the  "B" functions i n  
Eq. (6) are  included; i n  t h i s  case these quan t i t i es  should occur i n  pa i r s  with 
the  "A" function f i r s t .  I f  only one type of function i s  used (standing waves 
only) it  must be a "B" function. Each term i n  the  s e r i e s  i s  then i den t i f i ed  
by i t s  pos i t ion  i n  t h i s  sequence given by the  in teger  var iable  J. The nature 
of each term i s  specif ied by the  three in tegers  M(J) , N(J) , and NAB(J), and 
each term i s  given a three character  name CNM(J) . I n  t h i s  manner the  
coeff ic ients  of the  nonlinear terms i n  Eqs. (9) and (10) a r e  i den t i f i ed  by 
the in tegers  J associated with t he  th ree  modes involved ra ther  than the 
corresponding azimuthal and r a d i a l  mode numbers. 
The following comments pe r t a in  t o  the de ta i l ed  descr ipt ion of the  input.  
The locat ion number r e f e r s  t o  columns of the  card. Three formats a re  used fo r  
input : "A" indicates  alphanumeric characters,  "I" indicates  in tegers ,  and 
"F" indicates  r e a l  numbers with a decimal po in t .  For the  "I" and "F" formats 
t he  values are  placed i n  f i e l d s  of f i ve  locat ions ,  and the  numbers must be 
placed i n  t he  rightmost locations of t he  a l located f i e l d .  
Card 
-
Location - TWe Irrput I tem Comments 
1 1-72 A TITLE T i t l e  of case. 
2 1- 5 F GAMMA Ratio of spec i f i c  heats .  





J Order of s e r i e s  term i n  
sequence ( i den t i f i c a t i on  
number) . 
M (  J) Tangential mode number 
(0 5 M(J) 5 8).  
TJ( J) Radial mode number 
(1 N(J) 5 5) 
NAB ( J) For "A" function M(J) = 0 . 
For "B" function NAB(J) = 1. 
Card Location FiFe 
21-22 Blank 
Input It em Comments 
23-25 A CNAME ( J) Name of term (3 characters). 
The proper input fo r  program TJLCOEF w i l l  be i l l u s t r a t e d  with the  following 
example. Suppose the  ve loc i ty  po t en t i a l  @ i s  expressed i n  terms of the  f i r s t  
tangent ia l  ( 1 ~ )  , the  second tangent ia l  ( 2 ~ )  , and the  f i r s t  r a d i a l  (1R) modes. 
It i s  a lso  desired t o  inves t iga te  i n s t a b i l i t y  of the  spinning type, therefore 
both "A" fTmctions and "B" functions are  included i n  the s e r i e s .  However f o r  
the  1R mode (m=0) there  i s  no corresponding "A" f'unction, therefore  the 
resu l t ing  s e r i e s  w i l l  contain f i v e  terms. A sample input f o r  t h i s  case i s  
given below : 
Table A-1. Sample Input 
Roots of Bessel Functions 
Roots of the Bessel functions Smwhich give zero slope a t  r = l  and the 
associated values J (S ) are  needed fo r  these calcula t ions .  These values 
m mn 
were taken from Ref. (11) for  m = 0,1, .  . .8 and n = 1,2,. . .5; they are auto- 
mat ical ly  put  i n to  the program by means of a DATA statement, which i s  an 
i n t e g r a l  p a r t  of t he  program. 
Azimuthal In tegra l s  
The azimuthal in tegra l s  a re  e a s i l y  evaluated ana ly t ica l ly .  For most 
values of m, P ,  and j they a re  zero. The nonzero in tegra l s  are  given as 
follows : 
I (m,P,j) = ~ / 2  f o r  j = m  + P ,  m = P  + j, or  P = m  t- j 
CCC 
I m j) = 2 f o r  P = m + j or  j = m + w 
=cs s  
( m )  = 2 fo r  m = P + j 
I c s  s  (pYmyj) = 2 f o r  m = P + j or  j = m + P 
I c s  s  ( j )  = - 2  f o r  P = m + j 
I ( j , m , ~ )  = T/2 fo r  m = j + P  or P = j + m  
C S S  
I c s s  ( j )  = 2 f o r  j = m + P 
fo r  m,  P ,  and j nonzero. If  any one of the  indices i s  zero (corresponding t o  
a r a d i a l  mode) the  following values are obtained: 
I (o,o,o) = m 
CCC 
Iccc (m7p ,O) = Iccc ( m , ~ ,  j) = I ccc ( o , P , ~ )  = 
only i f  m = P, m = j ,  or P = j. 
Subroutine AZIMTL i s  e s sen t i a l l y  a s e r i e s  of l og i ca l  t e s t s  t o  determine 
i f  the indices m, P, and j s a t i s m  any of the  conditions of Eqs. (Ah) and 
(~5) . I f  any of these conditions i s  s a t i s f i e d  the appropriate value i s  
assigned t o  the output var iable ,  otherwise the  value zero i s  assigned. 
Radial In tegra l s  
Subroutine RADIAL evaluates the  r a d i a l  in tegra l s  given by Eqs . ( ~ 3 )  . 
These in tegra l s  a re  computed numerically using Simpson's Rule with 100 sub- 
divis ions .  I n  calcula t ing the  integrands the derivatives of the Bessel 
functions a re  given by: 
J1(S m mn r) = $  [J m - 1  (S mn r )  - Jm+l (S mn r)] for  m = 1,2,3, .  . . 
The integrand of Ji2 i s  indeterminate a t  t h e  lower l i m i t  of in tegrat ion.  
However a l i m i t  ex i s t s ,  denoted by L, which vanishes with the  following 
exceptions : 
L = sm/2 fo r  m = 1, p = j = 0 
L = S  / 2  fo r  P = l , m = j = O  P v 
L = S  / 2  for  j = l , m = W = O  j k 
A l l  of the  calcula t ions  i n  Subroutine RADIAL a re  ca r r ied  out i n  double 
precis ion ari thmetic.  The r e su l t s  a re  given as a s ing le  precis ion number. 
Bessel Function Subroutine 
Subroutine JBES computes double precis ion Bessel functions f o r  non- 
negative orders and arguments. A descr ipt ion of t h i s  subroutine and a program 
l i s t i n g  are  given i n  Chapter 23 of Ref. (12).  
Output Data 
Program KGCOEF produces both p r in ted  output and punched cards.  This 
output consis ts  of three  p r i nc ipa l  sec t ions .  
(1) The r a t i o  of  spec i f i c  hea t s ,  GAMMA; the  number of terms i n  the 
s e r i e s  expansion of @, JMAX; and the  number of nonzero nonlinear coef f i c ien t s  
generated, KWU are  given. 
( 2 )  A restatement of the  input parameters J, M(J) , N(J) , PJAB(J) and 
CNAME(J) which describe the terms i n  the  s e r i e s  expansion of G i s  given. Two 
add i t iona l  parameters needed by Program LIMCYC a re  a l so  given: Smn, the  
dimensionless frequency of the  mode (nth  nonzero roo t  of J;(X) = 0 ) ,  denoted 
by S(J) and J , ( S ~ ) ,  the  associated value of the Bessel function,  denoted by 
s J( J) . I n  the  punched version of t h i s  output the r a d i a l  mode number N(J) i s  
omitted as i t  i s  not  needed by LIMCYC. 
(3) The nonlinear coef f i c ien t s  a r e  given. Each coef f i c ien t  i s  i den t i f i ed  
by the  in tegers  I, J, and K as follows: I i s  the  i den t i f i c a t i on  number of the 
term i n  the s e r i e s  expansion whose l i nea r  behavior i s  control led  by the 
equation i n  which the coef f i c ien t  appears (corresponding t o  j and k i n  Eqs. 
(9) and ( l o ) ) ,  J i s  the  i den t i f i c a t i on  number of the fac to r  which i s  not 
d i f fe ren t ia ted  ( indices  m and n i n  Eqs. (9) and (10)) , and K i s  the  i d e n t i f i -  
ca t ion number of the time der ivat ive  fac to r  ( indices  !JJ and v i n  Eqs. (9) and 
(10)) . Following these in tegers  the  value of the coef f i c ien t ,  C(I, J, K) i s  
given t o  f i v e  decimal p laces .  
A sample output for  the f i v e  term s e r i e s  used i n  the sample input i s  
given i n  Tables (A-2) and (A-3) . 
Table A-2. Sample Output 
Ti-lREE MODES lHtlTt2T FIVE TERMS 
G A M M A  = 1.20 J M A X  = 5 NLMAX = 25 
J M N NAB SMN JM(SMN)  NAME 
1 0 1 1 3.83171 -040276 B01 
2 1 1 0 1*84118 e58187 All 
3 1 1 1 1084118 l 581 87 B1I 
4 2 1 0 3.05424 048650 
C 
A21 
3 2 1 1 3 05424 48650 821 
Table A-3. Sample Output 
F O R W  Listing 
c ************* PROGRAM NLCOEf .................................. 
C 
C THIS PROGRAM COMPUTES THE NONLINEAR COEFFICIENTS WHICH 
C APPEAR I N  THE DIFFERENTIAL EQUATIONS WHICH GOVERN THE 
C MODE-AMPLITUDE FUNCTIONS. THESE COEFFICIENTS ARE PUNCHED 
C ONTO CARDS FOR INPUT INTO PROGRAM LIMCYC. 
C 
C THE FOLLO~ING INPUTS ARE REQUIRED: 
C THE TITLE OF THE CASE. 
- 
c. G A Y M A  I S  THE RATIO OF SPECIFIC HEATS. 
C JMAX I S  THE NUMBER OF YODE-AMPLITUDE FUNCTIONS I N  THE ASSUMED 
C SERIES SOLUTION. J Y A X  MUST NOT EXCEED 20. 
C EACH MODE-AYPLITUDE I S  ASSIGNED AN INTEGER J. 
c THE MODE IS SPECIFIED BY THE INGICES M(J )  AND N(J) .  
C M(J) I S  THE AZIMUTHAL YODE NLJMBER AND MUST NOT EXCEED 8. 
C N(J) I S  THE RADIAL MODE YUMBER AND MUST NOT EXCEED 5. 
C THE INTEGER NAB(J) I S  ASSIGNED AS FOLLOWS: 
C NAS(J) = 0 A-FUNCTION (COEFFICIENT OF SIN(M*THETA))  
C NAB(J) = 1 8-FUNCTION (COEFFICIENT OF CoS(M*THETA)) 
C CNAME(J) I S  A THREE-CHARACTER NAME 
C 
C 
DIMENSI ON COEF(3)p TERM(3)r S ( 2 0 ) v  S J ( 2 0 ) p  C N A M E ( ~ O ) P  
1 M ( 2 0 ) ~  N ( 2 0 ) ~  NAB(20 ) *  T I T L E ( 7 2 ) v  
2 RJROOT(lOr5)v R J V A L ( l O r 5 ) t  C ( 2 0 ~ 2 0 r Z O )  
C 
P I  = 3.1415927 
C INPUT ROOTS OF BESSEL FUNCTIONS 
DATA ((RJROOT(1,J)v J = 1 ~ 5 1 ,  I = 1 * 9 ) /  
1 3.83171, 7.01559, 10017347,  13.32369, lh .47063r  
2 1.84118, 5.33144, 8.53632, 11.70600* 14.86359, 
3 3.05424, 6.706139 9.96947, 13.17037, 16.34752, 
4 4.20119, 8.01524, 1 1 . 3 4 5 9 2 ~  14.58585, 17.78875, 
5 5.31755, 9.28240, 12.68191, 15.96411* 1 9 . 1 9 6 0 3 ~  
6 6.41562, 1 0 . 5 1 9 8 6 ~  13.98719, 17.31284, 20.57551, 
7 7.50127, 11.73494, 15.26818, 18.63744, 21 .93172~  
8 8.57784, 12.93239, 16.52937, 1 9 . 9 4 1 8 5 ~  23.26805, 
9 9.64742, 14.11552, 17.77401, 21.22906, 24.58720/ 
DATA ( ( R J V A L ( 1 , J ) r  J = 1 ~ 5 ) ~  I = lr9)/ 
1 -0.40276, 0.30012, -0.24970, 0.21836, -0.19647, 
2 0 .58187~  -0.34613, 0.27330, -0.23330, 0 . 2 0 7 0 1 ~  
3 0.48650, -0.31353, 0.25474, -0.22088, 0 0 1 9 7 9 4 *  
4 0.43439r -0 .29116~  0.24074, -0.21097, 0.19042, 
5 0.39965, -0.27438, 0 . 2 2 9 5 9 ~  -0.20276, 0.18403, 
6 0 . 3 7 4 0 9 ~  -0.261.09~ 0.22039, -0 .19580~  0 . 1 7 8 4 9 ~  
7 0 . 3 5 4 1 4 ~  -0.25017r 0.21261, -0 .18978~  0.17363, 
8 0.33793, -0 .24096~  0.205ARi -0.18449, 0.16929, 
9 0.32438, -0.233031 0.19998, -0.17979, 0.16539/ 
C 
C INPUT DATA 
READ (5,5002) ( T I T L E ( 1 ) r  I = l r  7 2 )  
READ (5 ,  5000)  GAXMAv JMAX 
DO 10 I = 1, J Y A X  
READ (51 5001)  Jt M ( J ) *  N ( J ) ,  NAB(J ) t  CNAMECJ) 
1 0  CONTINUE 
DO 40 J = 1, JMAX 
MY = M(J) + 1 
NN = N(J) 
S ( J )  = RJROOT(YYINN) 
SJ(J) = RJVAL(MMtNN1 
40 CONTINUE 
C 
C ZERO COEFFICIENT ARRAY 
DO 20 I = lr JMAX 
DO 20 J = lr JMAX 
DO 20 K = 1r JMAX 
C(IrJ*K) = 0.0 
20 CONTINUE 
C 
C COMPUTE NONZERO NONLINEAR COEFFICIENTS 
C 
NLYAX = 0 
DO 30 I = 11 JYAX 
C COYPUTE NORMALIZING FACTOR 
RJ = 1.0 
IF (M(1) *EQo 0) RJ = 200 
SSQ = S(1) * S(1) 
SOJ = M(I) * M(I) 
SJSQ = SJ(I) * SJ(1) 
FACTOR = (2.0 * SSQ)/((SSQ - SQJ) * SJSQ * PI * R J )  
DO 30 J = lr JMAX 
DO 30 K = 1, JMAX 
C TEST FOR ZERO VALUES 
IF ((NAB(1) oEQ. 0) .ANDO (NAR(J) .EQ. NAB(K))) GO TO 30 
IF ((NAB(1) .EQ. 1) *AND. (NAR(J) .NE. NAB(K))) GO TO 30 
C COYPUTE COEF(NT1 
C2 = M(J) * M(K) 
COEF(1) = 2.0 * S(J) * S(K) 
COEF(2) = 2.0 * C2 
COEF(3) = (GAMYA - 100) * S ( J )  * S(J) 
C COYPUTE ARGUMENTS FOR RADIAL INTEGRALS 
L1 = M(J) 
A1 = S(J) 
A2 = S(K) 
A3 = S(I) 
C COVPUTE TERVS 
DO 35 NT = 11 3 
C ASSIGN ARGUMENTS FOR AZIVUTHAL INTEGRALS 
NOPT = 2 
IF (NAB(1) .EQ* 0) GO TO 101 
IF (NAB(1) .EQo 1) GO TO 103 
101 NC = M(I) 
NA = M(K) 
NB = M(J) 
IF ((NAB(J) oEQo 0) *AND. (NT oEQ. 2)) GO TO 102 
IF ((NAB(J) mEQ. 1) *AND* (NT *NE. 2)) GO TO 102 
GO TO 104 
102 NA = M(J) 
NB = M(K) 
GO TO 104 
103 NA = %(I) 
NB = M(J) 
NC = M(K) 
I F  ( ( N A B ( J )  .EQ. 0 )  .AND. (NT .EQ. 2)) NOPT = 1 
I F  ( ( N A B ( J )  .EQ. 1) .AND. (NT .NEW 2 ) )  NOPT = 1 
1 0 4  CONTINUE 
- 
.. COMPUTE AZIMUTHAL INTEGRAL 
CALL AZIMTL(NOPT*NAPNB,NC,TANINT) 
I F  ( T A N I N T )  1 1 0 ,  115, 1 1 0  
1 1 5  TERM(NT1 = 0.0 
GO TO 3 5  
C 
L COVPUTE RADIAL  INTEGRALS 
1 1 0  NOPT = 4 - NT 
CALL R A D I A L ( N O P T * L ~ ~ L ~ , L ~ P A ~ , A ~ , A ~ ~ R A D I N T )  
C  COYPUTE TERY(NT1 
TERW(NT) = COEF(NT1 * TANINT * RADINT 
I F  ( ( N A B ( 1 )  .EQ. 1) WAND. (NT  .EQ. 2)) TERM(NT) = -TERM(NT) 
3 5  CONTINUE 
C COYPUTE COEFFICIENT 
C ( I , J * K )  = FACTOR *   TERM(^) - TERM(2) - TERM(3) )  
I F  ( C ( I * J r K ) )  31* 30 ,  3 1  
3 1  NLYAX = NLMAX + 1 
3 0  CONTINUE 
C  
C  OUTPUT OF RESULTS 
WRITE ( 6 t 6 0 0 0 )  
N R I T E  ( 6 , 6 0 0 6 )  ( T I T L E ( I ) *  I = l r  7 2 )  
PUNCH 5 0 0 2  ( T I T L E ( I ) *  I = 1, 7 2 )  
WRITE ( 6 ? 6 0 0 1 )  GAMMA* JMAXv NLMAX 
PUNCH 7 0 0 6  GAMMA* JMAXv NLMAX 
C  
N R I T E  ( 6 ,  6 0 0 2 )  
DO 7 0  J = 1, JYAX 
WRITE ( 6 ~ 6 0 0 3 )  J* M ( J ) ,  N ( J ) *  N A B ( J ) *  s ( J ) *  S J ( J ) *  CNAME(J) 
PUNCH 7 0 0 1  J*  M ( J ) *  N A B ( J ) ,  S ( J ) *  S J ( J ) V  CNAME(J) 
7 0  CONTINUE 
C  
WRITE ( 6 r 6 0 0 0 )  
N R I T E  ( 6 ~ 6 0 0 4 )  
DO 7 5  I = 1, JMAX 
D 3  7 5  J = 1.r JMAX 
DO 75 K  = 1, J M A X  
I F  ( C ( I * J r K ) )  71, 7 5 *  71 
7 1  N R I T E  ( 6 ,  6 0 0 5 )  I* J* KI C ( I r J * K )  
PUNCH 7 0 0 2  I* J* K *  C ( I * J v K )  
7 5  CONTINUE 
C  
5 0 0 0  FORMAT ( F 5 . 0 ~ 1 5 )  
5 0 0 1  FORMAT ( 4 1 5 ~ 2 X t A 3 )  
5 0 0 2  FDR~IAT ( 7 2 A 1 )  
6 0 0 0  FORMAT I l H 1 )  
6 0 0 1  FORMAT (5XtBHGAMMA = rF5 .2 rSX t8HJMAX = * 1 2 * 5 X * g H N L M A X  = , 1 3 1 1 )  
6 0 0 2  FORMAT ( 6 X r 1 7 H J  M  N  N A ~ ~ ~ X * ~ H S M N * ~ X P ~ H J M ( S M N ) I ~ X @ ~ H N A M E / )  
6 0 0 3  FORMAT ( 2 ~ * 4 1 5 ? 3 X * 2 F 1 0 . 5 r 6 X 1 ~ 3 )  
6 0 0 4  FORbAT ( b X  1 2 5 H I  J K  C(IPJPK)/) 
6 0 0 5  FORMAT ( 2 X v 3 1 5 ~ F 1 3 . 5 )  
6 0 0 6  FORMAT ( 5 X * 7 2 A l / / )  
7 0 0 0  FORMAT ( F 5 . 2 ~ 2 1 5 )  
7 0 0 1  FORMAT ( 3 1 5 ~ 2 F 1 0 . 5 * 7 X * A 3 )  
7 0 0 2  FORMAT ( 3 1 5 t F 1 0 . 5 )  
END 
SUBROUTINE AZIMTL(NOPTtLvM?NvRESULT) 
THIS SUBROUTINE COMPUTES THE INTEGRAL OVER THE INTERVAL 
(0?2*PI) OF THE FOLLOWLNG PRODUCT OF SINES AND COSINES: 
NOPT = 1 COS(L*THETA) * COS(M*THETA) * COS(N*THETA) 
NOPT = 2 COS(L*THETA) * SIN(M*THETA) * SIN(N*THETA) 
WHERE Lt MI AND N ARE MON-NEGATIVE INTEGERS* 
RESULT = 0.0 
PI = 3.1415927 
IF ((L *NE* 0) *AND* ( M  eNEe 0) *AND* ( N  *NE* 0)) GO TO 101 
GO TO 103 
LM = L + M 
L N = L + N  
M N = M + N  
IF ((N *EQ* LM) *OR* (M *EQ* LN)) RESULT = PI12.0 
IF ( L  *EQ* YN) GO TO 102 
GO TO 104 
IF (NOPT *EQe '1) RESULT PI/2*0 
IF (NOPT eEQ* 2) RESULT = -PI/2*0 
GO TO 104 
IF ( ( L  .EQ. 0) .AND. (M .EQ. 0) .AND. (N .EQ. 0)) GO TO 105 
IF ((NOPT *EQ* 1) *AND. (N *EQ. 0) .AND* (L *EQ* M I )  RESULT = PI 
IF ((NOPT *EQ. 1) *AND. ( V  rEQ* 0) *AND* (L *EQ* NI) RESULT = PI 
IF ( ( L  *EO* 0) *AND* ( M  rEQe N)) RESULT = PI 
GO TO 104 






C THIS SUBROUTINE CALCULATES THE INTEGRAL OVER THE INTERVAL 
C ( 0 ~ 1 )  OF THE FOLLOWING PRODUCTS OF THREE BESSEL FUNCTIONS: 
C 
c NOPT = 1 JL(A*R) * JM(B*R) * JN(C*R) * R 
C 
c NOPT = 2 JL(A*R) * JM(&*R) * JN(C*R)/R 
C 
C NOPT = 3 JPL(A*R) * JPM(B*R) * JN(C*R) * R 
C 
C JL IS THE BESSEL FUNCTION OF FIRST KIND OF ORDER L 
C JPL ISmTHE DERIVATIVE OF JL WITH RESPECT TO ITS ARGUMENT 
C Lr Me N ARE NON-NEGATIVE INTEGERS 
C A* 8, C ARE REAL NUMBERS 
C 
DIMENSION FUNCT(200) 
DOUBLE PRECISION DNr DH* DSTEP* DRv ARGlr ARG2, ARG3* 
1 BESlr BES2, BE53r BESH* BESL* PROD* 
2 FUNCT* BESLIM* 51, S2* 53 
C 
NN = 100 
DN = NN 
DH = l.O/DN 
NPl = NN + 1 
C 
DO 10 I = I*  NP1 
DSTEP = I - 1 
DR = DH * DSTEP 
ARGl = A * DR * 
ARG2 = B * DR 
ARG3 = C * DR 
C 
CALL JBES(N?ARGSvBES3*B500) 
IF (NOPT .EQ. 3 )  GO TO 101 
CALL JBES(LrARGl*BES1*5500) 
CALL J B E S ( M P A R G ~ P B E S ~ ~ B ~ O O )  
GO TO 102 
101 IF (L .EQ. 0) GO TO 103 
CALL JBES(L+lrARGl*BESH*5500) 
CALL J B E S ( L - l r A R G l r B E S L * B 5 0 0 )  
BESl = (BESL - BESHll2.0 
GO TO 104 
103 CALL JBES(lrARGl*BESl*8500) 
BESl = -BE51 
104 IF ( M  .EQ. 0) GO TO 105 
CALL J B E S ( Y + ~ P A R G ~ ~ B E S H * ~ ~ O O )  
CALL J B E S ( M - l ~ A R G 2 v R E S L v B 5 0 0 )  
BE52 = (BESL - BESH)/2.0 
GO TO 102 
105 CALL JBES(lrARG2~BE52*$500) 
BE52 = -BE52 
102 PROD = BE51 * BES2 * BE53 
C 
IF (NOPT .EQ. 2 )  GO TO 110 
Fu~cT(1) = PROD * OR 
GO TO 10 
110 IF (I .EQ. 1) GO TO 111' 
FUNCT(I) = PRODIDR 
GO TO 10 
111 BESLIM = 0.0 
IF ((L.EQ.1) *AND* (M.EQ.0) .AND* (N*EQaO)) BESLIM = A/2.0 
IF ((L.EQ.0) *AND* (M.EQ.1) .AND. (NeEQmO)) BESLIM = B/2*0 
IF ((L.EQ.o) .AND. (M.EQ.O) .AND. (N.EQ.I)) BESLIM = c12.0 
FUNCT(1) = RESLIM 
10 CONTINUE 
C 
NM1 = NN - 1 
51 = FUNCT(1) + F U N C T ( N P ~ )  
52 = 0.0 ' 
53 = 0.0 
DO 20 I = 2r NN* 2 
52 52 + FUNCT(1) 
20 CONTINUE 
00 30 1 = 3 ,  NYlv 2 
53 = 53 + FUNCT(1) 
30 CONTINUE 
RESULT = DH * (S1 + 4.0*52 + 2.0*53)/3*0 
GO TO 501 
500 WRITE ( 6 ,  6000) 





PROGRAM LIMCYC: A USER'S MANUAL 
Gener a 1  Description 
Using the  second order theory described i n  t h i s  repor t  Program LIMCYC 
calcula tes  the  nonlinear s t a b i l i t y  charac te r i s t i cs  of a cy l indr ica l  combustion 
chamber. For given values of the  operating parameters (i .e . ,  n, T ,  y, Ee, 
and L/D) , a given s e r i e s  expmsion, and a given i n i t i a l  disturbance Program 
LIMCYC in tegra tes  Eqs . (9) and (10) t o  obtain the  time behavior of the  unknown 
mode-amplitude functions ( i  . e . ,  A and B . ) . From t h i s  information a time j k a k 
h i s to ry  of the  pressure o s c i l l a t i o n  i s  determined. The program determines: 
(1) the  f i n a l  amplitude of the  pressure o s c i l l a t i o n  a t t a ined  i n  a l i n e a r l y  
unstable engine (i. e . ,  l imi t -cycle  amplitude) and (2) t he  threshold amplitude 
above which a f i n i t e  amplitude disturbance can " t r igger"  i n s t a b i l i t y  i n  a 
l i n e a r l y  s t ab l e  engine ( i . e . ,  t r igger ing  l i m i t s ) .  In addit ion t he  shape of 
the  nonlinear pressure waveforms and t he  frequency of o s c i l l a t i o n  i s  calculated.  
A flow char t  f o r  t h i s  program i s  given i n  Fig. (B-1) . 
In tegra t ion  of the  Di f fe ren t ia l  Equations 
For purposes of numerical in tegra t ion  Eqs. (9) and (10) a re  wr i t t en  as 
an equivalent system of f i r s t  order d i f f e r e n t i a l  equations as follows: 
COMPUTE 
PRE-INITIAL 
5 1  = N + l  
COMPUTE 
VALUES AT 
NEXT STEP OF 
INTEGRATION 
CALCULATE 
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Figure B-1. Flow C h a r t  
where the dependent var iables  a r e  now A 
I jk, Ajk, Bjk, and 'jke These equations 
are  solved numerically using the  four th  order Runge-Kutta method. Due t o  the  
presence of retarded var iables  i n  Eqs. (~1) and ( ~ 2 )  the  formulas (see Ref. 13) 
used i n  the  Runge-Kutta method must be s l i g h t l y  modified. 
The appropriate formulas fo r  applying t he  Runge-Kutta method t o  problems 
involving a time-delay a re  read i ly  obtained by considering a s ing le  equation 
of the following form: 
Noting t h a t  a t  any s tep  of the in tegra t ion  the  value of x ( t  - 73 has already 
been determined from previous s teps  the function g can be considered t o  be a 
known function of time g( t ) .  
Since x ( t )  i s  computed only a t  d i sc re te  points xn(tn) it  i s  desired t ha t  
t he  retarded var iable  x ( tn  - T) w i l l  coincide with such previously computed 
points .  This can be accomplished by choosing the  step-size h such t ha t  i t  
divides the  time-lag ? i n t o  k equal increments. Thus ? = kh and the  Runge- 
Kutta formulas which apply t o  Eq. ( ~ 3 )  can now be wr i t t en  as: 
Equations ( ~ 4 )  are  read i ly  extended t o  handle t he  system of equations given by 
Eqs . ( ~ 1 )  and ( ~ 2 )  . It i s  seen from Eqs . ( ~ 4 )  t ha t  k values of the dependent 
var iables  p r io r  t o  the i n i t i a l  values a re  needed t o  s t a r t  the  in tegrat ion.  
Although the  i n i t i a l  wave shape can be an a rb i t r a ry  function of time, i t  
i s  assumed t h a t  i n i t i a l l y  the  mode-amplitudes are  sinusoidal  functions of 
time o s c i l l a t i n g  with the  na tura l  frequency Sjk. Thus each mode- ampli tude 
function i s  expressed i n  the  following form: 
A (t) = C  sin(^ t) + D c o s ( ~  t) jk j k 3 k j k j k 
and s imilar  expressions hold f o r  B (t) and B ' (t) . j k j k 
Input Data 
A precise  def in i t ion  of the  input data  required t o  run the computer 
program i s  given below. This input data  consis ts  of two p a r t s :  (1) the  
parameters and coeff ic ients  generated by Program NLCOEF, and (2) the  data  
describing the  cases to  be run (see Fig. (B-1)). For each input case the follow- 
ing information must be provided: (1) t he  combustion parameters n and 7, the  
motor parameters E and L/D; (2) a s e r i e s  of control  numbers; and (3) informa- 
e 
t i o n  describing the  i n i t i a l  disturbance . 
For each input case two control  numbers NTEST and ITYPE must be specified.  
The task  t o  be performed by Program LIMCYC i s  specif ied by NTEST (see  Fig. (B-1)). 
I f  NTEST = 1 the  program searches f o r  a l imit-cycle amplitude, while i f  
NTEST = 2 the  program t e s t s  fo r  a t r igger ing l i m i t .  I f  NTEST = 3 the  t rans ien t  
behavior (growth or  decay) of the pressure o sc i l l a t i on  i s  determined. 
The in teger  ITYPE spec i f i es  the  form of the  i n i t i a l  disturbance. For 
ITYPE = 1 the  i n i t i a l  disturbance i s  a s ing le  standing mode described by: 
Ajk(t) = 0 
(-;Fstso) 
B .  (t) = ACOS(S t) 
J k jk 
I f  ITYPE = 2 the  i n i t i a l  disturbance i s  a  spinning o s c i l l a t i o n  given by: 
Aj,(t) = ~ s i n ( s  t )  j k 
( - 7 % ~ )  
~ ~ ~ ( t )  = Acos (S t) j k 
I n  the  above two cases only t he  mode i n i t i a l l y  present  and i t s  amplitude, A, a re  
speci f ied ,  and the  i n i t i a l  amplitudes of a l l  of the  other  modes included i n  
the s e r i e s  expansion a re  zero. I f  ITYPE = 3 the  i n i t i a l  disturbance i s  
described by Eqs . (135) , and the  amplitudes C and D must be spec i f i ed  fo r  jk  j k 
each of the  modes present  i n  the i n i t i a l  disturbance. 
The da ta  describing the cases t o  be run immediately follows the  coeff i -  
c i en t  deck generated by Program TSLCOEF. The following comments pe r t a i n  t o  the  
de ta i l ed  descr ip t ion of t h i s  input.  The loca t ion  number r e f e r s  t o  the columns 
of the card. Three formats a re  used fo r  input :  "A" ind ica tes  alphanwneric 
characters ,  "I" ind ica tes  in tegers ,  and ''F" indicates  r e a l  numbers with a 
decimal po in t .  For the  "I" formats the  values a re  placed i n  f i e l d s  of f i ve  
loca t ions ,  while a f i e l d  of t e n  locat ions  i s  used with the "F" formats. I n  
e i t h e r  case the  numbers must be placed i n  the  rightmost locat ions  of the  
a l located f i e l d .  
Card 
-
Location m e  
-
Input Item Comments 
1 1-72 A TITLE T i t l e  of case. 
2 1- 10 F EN The in te rac t ion  index, n   EN^) . 
11- 20 F TAU The dimensionless steady s t a t e  
value of the  time-lag, T(TAu>o). 
21-30 F UE Steady s t a t e  Mach number a t  
nozzle entrance, ii, ( U E ~ O )  . 
31-40 F RLD Chamber length-to-diameter r a t i o ,  
L/D (RLDW) . 
1-5 I J!iTES T Control number which spec i f ies  
t ask  t o  be performed (NTEST = 1, 
2, 3 only) - 
6-10 I ITYPE Control number which spec i f ies  
type of i n i t i a l  disturbance 
(ITYPE = 1, 2, 3 only) .  
11- 29 F TQUIT Time in t e rva l  f o r  which step-by- 
s tep output of pressure waveforms 
i s  desired ( T Q U I T ~ )  . 
I f  ITYPE = 1 or ITYPE = 2 ( s ing le  mode i n i t i a l  disturbance) : 
4 1- 5 I MODE The i den t i f i c a t i on  number of the 
I1 I1 B function corresponding t o  
the  mode i n i t i a l l y  present (see  
Appendix A) . 
6-15 F AMPL Amplitude of the i n i t i a l  d i s tu r -  
bance, A (see Eqs. ( ~ 6 )  and (~7)). 
End of input f o r  ITYPE = 1 or ITYPE = 2. 
I f  ITYPE = 3 (multi-mode i n i t i a l  disturbance) : 
4 1- 5 I MODE Iden t i f i ca t ion  number of the 
"principal" s e r i e s  term (i. e. ,  
the  f'unction upon which the t e s t s  
f o r  l i m i t  cycles a re  performed) . 
5 (m= 1- 5 
cards) 
NTERMS Number of s e r i e s  terms necessary 
t o  describe the  i n i t i a l  
disturbance . 
Iden t i f i ca t ion  number of the  
s e r i e s  term ( ~ ~ J ~ I ! T T E R M S )  . 
Card Location m e  Input I tem Comments 
6-15 F AS ( J) Amplitude of sine component, 
C i n  Eqs . ( ~ 5 )  . jk 
16-25 F AC ( J) Amplitude of cosine component, 
D i n  Eqs. ( ~ 5 )  . jk 
End of input for  ITYPE = 3. 
I f  ITPEST = 3 an additional card i s  needed: 
6 1-5 I LSTCYC Output begins a f t e r  LSTCYC 
cycles of the pr incipal  ser ies  
term (LSTCYC 20) . 
The proper input for Program LIMCYC w i l l  be i l l u s t r a t e d  with the following 
example. Assuming tha t  the velocity potent ia l  @ i s  expressed i n  terms of the 
lR, l T ,  and 2T modes*, it i s  desired to  investigate the nonlinear behavior of 
a l inear ly  unstable engine (n = 0.60167, 7 = 1.70629, iie = 0.2, L/D = 0.5) for  
various types of i n i t i a l  disturbances. Sample input for  three cases w i l l  be 
given: (1) a 1 T  standing disturbance i s  i n i t i a l l y  present, (2) a 1 T  spinning 
disturbance i s  i n i t i a l l y  present,  and (3) the i n i t i a l  disturbance consists of 
a r ad ia l  mode of amplitude 0.2, a spinning 1 T  mode of amplitude 0.5, and a 
2T spinning mode of amplitude 0.2. I n  the f i r s t  two cases a limit-cycle 
amplitude i s  sought, while i n  the l a s t  case only the transient behavior i s  
desired. In each case the pr incipal  ser ies  term i s  ~ ~ ( t ) ,  from the sample 
output of Program NLCOEF it i s  seen that  MODE = 3. For the transient case i t  
i s  specified tha t  the output begins a f t e r  100 cycles of Bl1(t). 
To run the cases described above the data deck must be assembled as 
follows. The f i r s t  item i s  the coefficient deck produced by Program I\JLCOEF, 
i n  t h i s  example it contains the information given i n  the sample output for  
NLCOEF shown i n  Appendix A. Since these coefficients depend only on the ser ies  
- - 
expansion and Y, but not upon the combustion parameters n, T, ue, and L/D, 
they need only be computed once. The coefficient deck i s  followed by the data 
for the cases to  be run as shown i n  the sample input below: 
* 
This i s  the same ser ies  expansion used to i l l u s t r a t e  Program KLCOEF. 
Table B-1. Sample Input 
The data shown above ends with "signal cards" t o  indicate that  no more data 
follows . 
Calculation of Pressure 
From the calculated time dependence of the ser ies  terms Program LIMCYC 
computes the dimensionless pressure perturbation with the aid of Eqs . (6) and 
(12) . The pressure i s  calculated a t  three angular positions along the periphery 
of the chamber ( i . e . ,  r = 1, 0 = 0,  45', 90'). 
Maximum and Minimum Values 
In order t o  determine the triggering l imits  and limit-cycle amplitudes 
i t  i s  necessary to  follow the growth or decay of the anrplitudes of the ser ies  
terms and the pressure perturbation. The amplitude of the ser ies  terms i s  
defined as the average of the maximum and minimum values occurring during one 
cycle. For the pressure, maximum, minimum, and peak-to-peak values are 
calculated. Since the variables are  calculated only a t  discrete points,  the 
maximum and minimwn values are computed using a three-point interpolation 
s cheme . 
Calculation of Limit-Cycle Anrplitude 
A limit-cycle amplitude i s  calculated by specifgring an i n i t i a l  disturbance 
and continuing the step-by-step integration of Eqs. (~1) and ( ~ 2 )  u n t i l  a 
periodic solution i s  obtained; tha t  i s ,  the amplitude of the osc i l la t ion  
remains essent ial ly  constant. The t e s t  for  convergence to  a l imi t  cycle i s  
performed upon a single ser ies  term, usually the most important term i n  the 
ser ies ,  i n  the following manner. After the f i r s t  500 integration steps,  
usually about 10 cycles fo r  the 1 T  mode, the amplitude of the principal ser ies  
term A i s  compared with i t s  i n i t i a l  anrplitude Ao. If the change i n  amplitude 1 I A ~ - A ~  I i s  greater than the maximum permissible change c , the cdcula t ions  
are continued and the change i n  amplitude during the next 500 integration 
steps i s  calculated. The process i s  repeated u n t i l  / A  k -A k-1 I < € a t  which 
point the computation i s  terminated. A value of c = 0.0002 i s  used i n  Program 
LIMCYC which gives suff ic ient  accuracy for  most cases. 
Test for  Triggering L i m i t  
I f  a tr iggering l i m i t  ex is t s ,  i n i t i a l  disturbances with an amplitude 
s l igh t ly  greater than the threshold amplitude w i l l  grow while s l igh t ly  smaller 
i n i t i a l  disturbances w i l l  decay. Therefore the triggering amplitude i s  
calculated numerically by an i t e ra t ive  process i n  which the i n i t i a l  amplitude 
i s  varied u n t i l  a solution i s  obtained which does not grow or decay appreci- 
ably during an i n i t i a l  time in terva l  of about 20 cycles. The t e s t  for a 
tr iggering l i m i t  i s  also performed upon only one term i n  the ser ies  expansion. 
A detailed description of the i t e ra t ion  process w i l l  now be given. An 
i n i t i a l  disturbance must be specified for  the f i r s t  t r i a l .  The i n i t i a l  
conditions for  a l l  subsequent t r i a l s  are obtained by multiplying the i n i t i a l  
disturbance for  the f i r s t  t r i a l  by a variable factor C where k i s  the number k 
of the t r i a l .  For each t r i a l  the amplitude of the pr incipal  mode i s  computed 
a f t e r  500 integrat ion steps ( A ~ )  and a f t e r  1000 integration steps ( A ~ )  and 
the difference Mk = A2 - A1 i s  used t o  determine the growth or decay of th is  
mode. The value of Ck+l for  the next t r i a l  i s  calculated from the following 
formula : 
where 
and the i n i t i a l  values are  C1 - 1.0 and 61 = 0.1. Thus Eq. (~8) shows t h a t i f  
the osc i l la t ion  decays (i l . , Mk < 0) the i n i t i a l  amplitude was too small and 
the factor Ck i s  increased by the increment 6k, while i f  % > 3 the factor 
Ck i s  decreased by the same amount. I n  order to  converge upon the desired 
t r igger ing  l i m i t ,  the  increment bk i s  halved, according t o  Eqs. ( ~ 9 )  , each 
time the  threshold i s  crossed (i .e . ,  when % and %-1 have opposite s igns ) .  
The i t e r a t i o n s  a re  terminated when 6 < 0.001 and the l a s t  value of Ck+l k 
computed i s  used t o  generate the  desired solut ion.  I f  no t r igger ing l i m i t  
ex i s t s  t he  i t e r a t i v e  process ends a f t e r  40 t r i a l s  or when t he  i n i t i a l  amplitude 
of the  trial so lu t ion  vanishes (i. e. ,  Ck = 0) . 
O u t ~ u t  Data 
The output data  for  Program LIMCYC consis ts  of s i x  sections as shown 
below. 
Section 1 i s  a restatement of the input from Progrm NLCOEF. It includes 
t he  following information: (a) a t i t l e  describing the  s e r i e s  expansion 
employed, (b) the  r a t i o  of spec i f i c  hea t s ,  GAMMA; the  number of terms i n  the  
s e r i e s ,  JMAX; and the  number of nonzero n o n l i n e a  coef f ic ien t s ,  TJLMAX, (c) the  
parameters which describe and i den t i fy  each term i n  the s e r i e s  expansion, and 
(d) the  nonzero nonlinear coef f ic ien t s .  
Section 2 i s  a restatement of the  input parameters f o r  the case under 
invest igat ion.  It includes the  following information: (a) the  t i t l e  of the  
case, (b) the  operating conditions (i . e . , in te rac t ion  index, EN; time-lag, TAU; 
the  r a t i o  of spec i f i c  heats ,  GAMMA; the steady flow Mach number a t  the  nozzle 
entrance, UE; and the  chamber length-to-diameter r a t i o ,  RLD),  and (c) a 
statement of the i n i t i a l  disturbance assumed. 
Section 3 i s  given fo r  t r igger ing  l im i t s  (NTEST = 2).  This sec t ion  
presents the  r e s u l t s  fo r  each s tep  i n  the  i t e r a t i o n  procedure. This includes 
the  i n i t i a l  amplitude of the  mode being tes ted ,  the  amplitude a f t e r  500 s teps ,  
A1, the  amplitude a f t e r  1000 s teps ,  A2, and the  growth or decay, A2 - A1. 
Section 4 gives the  charac te r i s t i cs  of the  l i m i t  cycle or t r igger ing  limit. 
For each s e r i e s  term the  maximum and minimum values occurring during a cycle, 
the  period of o sc i l l a t i on ,  and the  frequency are  given. For 8 = 0 ,  45', and 
90' the  m a x i m u m ,  minimum, and peak-to-peak values of the dimensionless w a l l  
pressure per turbat ion a re  given. 
I n  Section 5 pressure vs. time waveforms f o r  9 = 0 ,  45', and 90' are  
given. 
I n  Section 6 f o r  t r ans i en t  runs (NTEST = 3) a l l  extreme values (maxima and 
minha)  of the  p r inc ipa l  s e r i e s  term and the pressure per turbat ion are  given. 
For each input case the  output (sections 2-6) appears i n  the order 
given above with the  following exceptions: (1) i f  NTEST # 2 Section 3 i s  
omitted, and (2) i f  NTEST = 3 Section 5 precedes Section 4. 
A descr ipt ion of the output according t o  the value of NTEST w i l l  now be 
given. For NTEST = 1 the program searches f o r  a l imit-cycle amplitude. I n  
most cases the output begins (1) a f t e r  the  solut ion converges t o  a l i m i t  cycle 
or (2) a f t e r  approximately 500 cycles of the  highest  frequency mode i n  the 
s e r i e s  have been computed. I n  the case of convergence the output consis ts  
only of Sections 2, 4, and 5. The data  given i n  Section 4 per ta ins  t o  the 
l a s t  few cycles calculated.  The time a t  which e i t he r  of conditions (1) or  
(2) i s  s a t i s f i e d  i s  taken as t = 0 and the calculations are  continued t o  
t = TQUIT to  obtain the pressure waveforms given i n  Section 5. I f  convergence 
t o  a l i m i t  cycle i s  not obtained, a statement to  t h a t  e f f ec t  appears i n  Section 
4 along with the number of cycles computed and the  growth or  decay r a t e .  I n  
the  l a t t e r  case a l l  maxima and minima of the  mode being tes ted  a re  given i n  
Section 6. 
For ITPEST = 2 the  program searches f o r  a t r igger ing l i m i t .  I f  a  t r igger -  
ing l i m i t  i s  found the  output consis ts  of Sections 2 through 6. The data  
given i n  Sections 4 and 5 corresponds t o  the i n i t i a l  few cycles of the 
o sc i l l a t i on  obtained with the l a s t  t r i a l  value of the i n i t i a l  amplitude. The 
calculations a re  continued for  several  hundred cycles t o  obtain the data  fo r  
Section 6; t h i s  data  i s  included to  determine how rapidly  the  solut ion diverges 
from the  t r igger ing l i m i t .  I f  no t r igger ing l i m i t  ex i s t s  the  search ends when 
(1) fo r ty  t r i a l s  have been made or  (2) the  i n i t i a l  amplitude approaches zero 
(which w i l l  occur i n  the  l i n e a r l y  unstable region i n  the ( n , q  plane) .  I n  
e i t he r  case a message s t a t i n g  t ha t  no t r igger ing l i m i t  was found i s  given i n  
Section 3 along with the  number of t r i a l s  made and the  i n i t i a l  amplitude fo r  
the  l a s t  t r i a l .  Of course, i f  no t r igger ing  l i m i t  i s  found, Sections 4 and 
5 are  omitted, while Section 6 i s  given fo r  the  l a s t  t r i a l  i f  the i n i t i a l  
amplitude i s  not  zero. 
I f  NTEST = 3 no t e s t  for  l i m i t  cycles or t r igger ing l im i t s  i s  made. Data 
output begins a f t e r  LSTCYC cycles of the  mode specif ied by MODE and ends 
severa l  hundred cycles l a t e r .  The amount of output i s  approximately 500 cycles 
of the  highest frequency mode i n  the s e r i e s  expansion. For the pressure wave- 
forms given i n  Section 5,  t = 0 a f t e r  LSTCYC cycles and output continues u n t i l  
t = TQUIT. The charac te r i s t i cs  of the  solut ion f o r  the  l a s t  few cycles 
calculated are  given i n  Section 4, and a l l  maxima and minima of the  pressure 
and the p r inc ipa l  mode-amplitude function are  given i n  Section 6. 
Under ce r t a in  s i tua t ions  the  amplitude of the so lu t ion  increases very 
rapidly  ("blows up") a f t e r  only a few cycles. Therefore computations a re  
terminated any time the amplitude of any of the s e r i e s  terms exceeds 20. A 
message i s  given s t a t i n g  the  time a t  which the solut ion "blows up" and the  
i n i t i a l  amplitude of the  p r inc ipa l  mode. I f  NTEST # 2 t h i s  i s  followed by 
maximum and minimum values of the p r inc ipa l  mode (and pressure i f  NTEST = 3) . 
For NTEST = 2 a so lu t ion  "blow up" has the same e f f ec t  as a normal growth; 
t h a t  i s ,  a smaller value of the  i n i t i a l  amplitude i s  taken for  the  next t r i a l .  
I f  a "%low up" occurs on the  l a s t  t r i a l ,  however, the  output i s  s imilar  t o  
t ha t  f o r  NTEST = 1. 
Sample Output 
The following s a ~ p l e  output i l l u s t r a t e s  the behavior of Program LIMCYC 
fo r  d i f f e r en t  values of NTEST and ITYPE. The three  cases given a re  the 
output generated from the sample input given previously. I n  these cases a 
three mode s e r i e s  expansion was used. 
P R O G R A M  L I Y C Y C  
SECOND 'ORDER VONLINEAR COMBUSTION I N S T A B I L I T Y  P R O G R & M  
THREE MODE SE3IE5: 1Rv 1Tv 2 T  F I V E  TERMS 
IVPUTS F R O Y  P3DGRAY NLCOEF 
GAMYA = 1.20 JMAX = 5 . NLMAX = 25 
CASE 1: L IMIT-CYCLE AMPLITUDE* 1 T  STANDING MODE. 
COMBUSTION PARAMETERS: INTERACTION INDEX = e 6 0 1 6 7  TIME-LAG = 1 . 7 0 6 2 9  
M3TOR PARAMETERS: GAMYA = 1.20000 E X I T  MACH NUMBER = 0 2 0 0 0 0  
LENGTH~DIAYETER = . 5 0 0 0 0  
CALCULATE L IMIT-CYCLE AYPLITUDE. 
I N I T I A L  CONDITIONS FOR -TAU < T < 0 
S INGLE STANDING MODE I N I T I A L L Y  PRESENT 
(PRESSURE ANTINODE AT THETA = 0 )  
I N i T I A L  AMPLITUDE OF 8 1 1  I S  e 3 0 0 0 0  
CDWBUSTION P A ~ A Y E T E R S :  INTERACTION INDEX = . 6 n 1 6 7  TIME-LAG = 1.70629 
U3TOR PARAMETERS: GAMYA = 1 0 2 0 0 0 0  E X I T  MACH NUMBER = e 2 0 0 0 0  
LENGTH/DIAMETER = .SO000 
L IMIT-CYCLE AMPLITUDE REACHED AFTER 81 CYCLES OF R 1 1  
J MODE 
1 a o i  
3 B l l  
5 8 2 1  
THETA 
(3EGREES) 
MAXIMUM MINIMUM PERIOD 
WALL PRESSURE PERTURBATION 
MAXIYUM MINIMUY PEAK-TO-PEAK 
FREQUENCY 
C3M3dSTION PA2AYETERS: INTERACTION INDEX = - 6 0 1 6 7  TIYE-LAG = 1 .70629  
Y3TOR PARAYETERS: GAMMA = 1 .20000 ,  E X I T  MACH NUMBER = e 2 0 0 0 0  
LENGTH/DIAYETER = - 5 0 0 0 0  
STEP T IME 
WALL PRESSURE WAVEFORMS 
0 DEGREES 45 DEGREES 9 0  DEGREES 
CASE 2: LIMIT-CYCLE AMPLITUDE* 1 T  SPINNING VODE. 
CDMBUSTION PARAYETERS: INTERACTION INDEX = 0 6 0 1 6 7  TIME-LAG = 1.70629 
H3TOR PARAMETERS: GAMYA = 1.20000 E X I T  MACH NUMBER = 0 2 0 0 0 0  
LENGTHIDIAMETER = 0 5 0 0 0 0  
CALCULATE LIMIT-CYCLE AMPLITUDE. 
I N I T I A L  CONDITIONS FOR -TAU 4 T < 0 
SINGLE SPINNING MODE I N I T I A L L Y  PRESENT 
VDVING COUNTERCLOCKWISE (THETA INCREASING) 
I N Z T I A L  AMPLITUDE OF A l l  AND 8 1 1  I S  * 5 0 0 0 0  
C3MBUSTION PARAMETERS: INTERACTION INDEX = a 6 0 1 6 7  TIME-LAG = 1.70629 
V3TOR PARAMETERS: GAMMA = 1.20000 E X I T  MACH NUMBER = 0 2 0 0 0 0  
LENGTHIDIAYETER = .SO000 
LIMIT-CYCLE AYPLITUDE REACHED AFTER 84 CYCLES OF B l l  
J MODE MAXIMUM MINIMUM PERIOD FREQUENCY 
THETA WALL PRESSURE PERTURBATIOY 
(DEGREES) MAXIWilW MINIMUM PEAK-TO-PEAK 
t 3MaUSTION PAFlAVETERS: INTERACTION INDEX = 860167 TIME-LAG = la70629 
'43TOR PARAMETERS: GAYYA = 1.20000 E X I T  MACH NUYBER = a20000 
LENGTHIDIAMETER = a50000 
STEP T IME 
WALL PRESSURE WAVEFORMS 
0 DEGREES 45 DEGREES 90 DEGREES 
CASE 3: TRANSIENT* ALL MODES I N I T I A L L Y  PRESENT. 
C3WBUSTION PAqAYETERS: INTERACTION INDEX = - 6 0 1 6 7  TIME-LAG = 1.70629 
MOTOR PARAMETERS: GAMMA = 1.20000 E X I T  MACH NUMBER = e20000  
LENGTH/DIAhlETER = - 5 0 0 0 0  
CALCULATE TRAYSIENT BEHAVIOR- 
I N I T I A L  CONDITIONS FOR -TAU < T < 0 
ARBITRARY COMSINATION OF MODES I N I T I A L L Y  PRESENT 
DATA OUTPUT BEGINS AFTER 1 0 0  CYCLES OF B 1 1 ( T )  
C3WBUSTION PARAVETERS: INTERACTION INDEX = -60167 TIME-LAG = 1.70629 
Y3T02  PARAMETERS: SAYYA = la20000 E X I T  MACH NUMBER = a20000 






































WALL PRESSURE' WAVEFORMS 
0 DEGREES 45 DEGREES 90 DEGREES 
-. 17273 -. 37803 -a 3522R 
-. 09794 -. 36968 -035856 
-.Dl031 -.35403 -. 36547 
e08912 -. 32965 -a37218 
a 19829 -.29515 -a 37759 
a31405 - 0  24929 -038041 
-43220 -. 19106 - m  37925 
-54770 11988 0.37265 
,65495 -. 03573 -a 35916 
~74825 006061 -. 33733 
82235 el6736 -a30575 
87289 -28167 -. 26314 
a 89690 39964 -a20841 
a A9305 e51641 -a 14083 
e86184 e62651 -a06021 
e80551 -72421 a 0328.9 
.72777 m80410 a 1370 1 
-63344 .A6150 rn 24958 
-52793 eR9303 36699 
. lr 1677 -89689 l 48462 
,30514 87309 a 59713 
el9748 82337 69881 
,09733 .75110 078412 
e00716 -66082 a A4813 
-.07155 ~55784 -88705 
-. 13824 e44770 a 89862 
-. 19305 -33571 -88235 
-. 23667 a 22657 a83951 
-.27018 el2405 077305 
29490 -03094 a 68723 
31227 -.05103 a 58720 
- a  32382 -. 12105 a 47849 
-.33108 -. 17908 036651 
-. 33553 -.22570 025616 
-. 33851 -.26187 a 15150 
-. 34118 -.28887 05558 
-. 34442 -.30812 -a02959 
-. 34875 -.32113 - *  10293 
-.35433 -.32942 -*I6424 
- *  36090 - e  33450 - e  21392 
-. 35786 -. 33777 - *  25287 
-. 37425 -a34042 - a  28226 
-. 37892 -. 34343 -a30350 
-. 38053 -. 34743 - m  31807 
-a 37766 -. 35267 -a 32752 
-. 36886 -.35902 -a 33334 
-. 35265 -. 36595 -.33697 
- e  32761 -. 37260 -a33969 
-. 29237 '~37788 - *  34252 
C3MBUSTION PARAYETERS: INTERACTION INDEX = m60167 TIYE-LAG = 1.70629 
Y3TOR PARAMETERS: GAMYA = 1.20000 E X I T  MACH NUMBER = .20000 
LENGTHIDIAMETER = . ~ O O O O  
AMPLITUDE OF 311  I S  CHANGING BY -.000000 PER CYCLE AFTER 329 CYCLES 
J MODE MAXIMUM MINIMUM PERIOD' FREQUENCY 
1 0 0 1  *00000 e00000 1.73775 3.61570 
2 A l l  -42661  -. 42661 3.29497 1e90690 
3 8 1 1  -42661  -.42661 3.29495 1 . 90691  
4 A21 07570 -. 07571 1.64746 3.81386 
5 a 2 1  07570 -. 07570 1.6r)751 3.81375 
THETA MALL PRESSURE PERTURBATION 
(DEGREES) MAXIMUM MINIMUM PEAK-TO-PEAK 
JALL PRESSURE PEAKS THETA = .O DEGREES 
459 VALUES COYPUTED 
EXTREME VALUES 3 F  B l l ( T )  
OUTPJT STARTED AFTER 1 0 0  CYCLES STOPPED AFTER 3 2 9  CYCLE5 
FORTRAN Listing 
T H I S  PROGRAM CALCULATES THE NONLINEAR S T A B I L I T Y  CHARACTERISTICS 
OF A CYL INDRICAL  COMBUSTION CHAMBER WITH UNIFORM PROPELLANT 
INJECTION* D ISTRIBUTED COMBUSTION PROCESS, AND A QUASI-STEADY 
NOZZLE* THE COMBUSTION PROCESS I S  DESCRIBED .BY CROCCOS TIME-LAG 
YODEL* L IM IT -CYCLE AMPLITUDE, TRIGGERING L I M I T S ,  AND THE 
TRAN5IENT BEHAVIOR ARE CALCULATED* 
THE FOLLOWING INPUTS ARE REQUIRED: 
(1) THE DECK FROM PROGRAM NLCOEF. 
(2) THE DATA DECK* 
F I R S T  CARD: PARAMETERS 
EN I S  THE PRESSURE INTERACTION INDEX. 
TAU I S  THE S E N S I T I V E  TIME-LAG. 
UE I S  THE MEAN FLOW VELOCITY AT THE NOZZLE ENTRANCE. 
RLD I S  THE CHAMBER LENGTH-TO-DIAMETER R A T I O *  
SECOND CARD: CONTROL NUMBERS 
ACCO2DING TO THE VALUE OF NTEST THE FOLLOWING 
CALCULATIOYS ARE MADE: 
VTEST = 1 CALCULATE L IMIT -CYCLE AYPLITUDE* 
NTEST = 2 CALCULATE TRISGERING AMPLITUDE* 
NTEST = 3 CALCULATE THE TRAVSIENT BEHAVIOR. 
THE FORM OF THE I N I T I A L  CONDITIONS I S  DETERMINED BY I T Y P E *  
I T Y P E  = 1 SINGLE STANDINS YDDE* 
ITYPE = 2 SINGLE SPINNING TANGENTIAL' MODE. 
I T Y P E  = 3 ARaITRARY COYSINATION OF MODES* 
TQUIT I S  T I M E  INTERVAL FOR STEP BY STEP OUTPUT 
THIRD CARD: INITIAL AYPLITUDE OF SINUSOIDAL DISTURBANCE 
I F  I T Y P E  = 1 OR 2 (S INGLE MODE I N I T I A L L Y  PRESENT): 
YODE I D E N T I F I E S  THE CORRESPONDING B-FUNCTION* 
AYPL I S  THE I N I T I A L  AMPLITUDE OF T H I S  B-FUNCTION. 
I F  I T Y P E  = 3: 
Y03E I D E N T I F I E S  THE P R I N C I P A L  SERIES TERY* 
NTERYS I S  THE NUMBER OF TERMS GIVEN I N I T I A L  VALUES* 
T H I S  CARD I S  FOLLOWED BY YTERMS CARDS CONTAINING THE FOLLOWING 
INFORYATION: 
J I D E Y T I F I E S  THE SERIES TERY* 
A S ( J )  I S  THE AYPLITU3E OF THE S I N E  COMPOYENT. 
A C ( J )  I S  THE AYPLITUDE O F  THE COSINE COMPONENT* 
I F  NTEST = 3 AN ADDIT IONAL CARD I S  NEEDED* 
LSTCYC: DATA OUTPUT BEGINS AFTER LSTCYC CYCLES OF THE 
P R I N C I P A L  SERlES TERM*  
................................................................. 
OIVENSION S(20)v C(20t20~20)~ U(500~40)? TI(500)r 
1 T(20v4)r Y(4O)t A(4)p FZ(4~40)p YP(40)r Ut(40)r 
2 CI(50)* UMAX(20~1000)v YAXNO(20)r ~ c Y c ( 2 0 ) ~  
3 UAVG(200)v CF(3~40)r PRESS(3r500)r MAXP(3)t 
4 PMAX(3r1000)r TIVEl(20)r TIME2(20)r THETA(3)* 
5 CNAME(20)v DELSGN(50)r H(20)v SJ(20)v NA~(20)v 
6 AS(20)v AC(20)v KCYC(200)* ANGLE(3)v TITLE(72) 
COYMON CPr CPTAUr IMAXt C t  5, T 
EXTERNAL COMB 
L = 500 . 
NCIMAX = 40 
ERR = 0.0002 
SMALL = 0.000001 
PI = 3.1415927 
***************************************************************** 
INPUT DECK FROV PROGRAM NLCOEF 
W X I T E  (6~6000) 
WRITE (6~6001) 
READ (5r5000) (TITLE(1)r I = I* 72 
WRITE (6~6038) (TITLE(I)v I = 1, 72) 
READ (5~5001) GAWMA? IYAXr KVAX 
WRITE (6~6009) GAMMA* I M A X v  KMAX 
KLO = I Y h X  + 1 
NU = 2 * IMAX 
................................................................. 
WRITE (6~6002) 
DO 25 K = 1, IMAX 
READ (5~5002) I* M(I)v NAB(I)r S(I)v SJ(I)v CNAME(1) 
BRITE (6*5002) I? M(I)t NA3(1)? S(I)v SJ(I)t CNAME(1) 
25 COVTINLlE 
* * * * * * * * * + * * * * * * * * * * * * * * * U * X * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
FILL NONLINEAR COEFFICIENT A 2 R A Y  WITH ZEROES 
DO 30 I = 1, IMAX 
DO 30 J = 1, IMAX 
DO 30 K = 1, IYAX 
C(IrJrK) = 0.0 
30 COUTINUE 
INPUT NONZERO NONLINEAR COEFFICIENTS 
MRITE (6~6003) 
LINE = IMAX + 20 
DO 35 K1 = lr KVAX 
READ (5~5003) Iv JI Kv C(IVJIK) 
WXITE (6~5003) I? Jv Kr C(IvJvK) 
LINE = LINE + 1 
IF (LINE .LT. 52) GO TO 35 
WRITE (6r6000) 
WRITE (6~6003) 
LIVE = 4 
35 CONTINUE 
................................................................. 
COVPUTE COEFFICIENTS FOR PRESSURE (THETA = 01 P1/4r PI121 
COEFFICIENTS IN THE SERIES FOR THETA DERIVATIVE 
DO 36 NTHETA = 1, 3 
RTHETA = NTHETA - 1 
ANSLE(NTHETA) = RTHETA * 45.0 
THETA(NTHETA) = RTHETA * PI/4.0 
DO 36 J = 1, IMAX 
ARG = Y ( J )  * THETA(NTHETA1 
FSIN = SIN(ARG) 
FC05 = COS(ARG) 
IF (NAB(J) .EQ. 0) FCN = FCOS 
IF (NABCJ) .EQm 1) FCY = OFSIN 
CF(NTdETAtJ) = M(J) * FCN * sJ(J) 
C COEFFICIENTS IN THE SERIES FOR THE TIME DERIVATIVE 
JP = J + IHAX 
IF (NAB(J) .EQ. 0) FCN = FSIN 
IF (NAB(J) .EQ. 1) FCY = FCOS 





800 DO 204 K = 1, IMAX 




C INPUT DATA DECK 
WRITE(6r 6000) 
READ (5r5000) (TITLE(1)r I = I*  72) 
READ (5,5005) EN, TAU, UEP ?LD 
IF (EN) 801, 801, 802 
802 WSITE (6~6038) (TITLE(1)v I = 1, 72) 
WRITE (6,6004) EN, TAU, GAYYAv UEv RLD 
READ (5,5006) NTEST, ITYPE* TQUIT 
IF (UTEST .EQ. 1) WRITE (6,6022) 
IF (NTEST .EQ. 2) WRITE (6,6023) 
IF (VTEST DEB. 3 )  WRITE (6,6024) 
WZITE (6,6025) 
IF (ITYPE mEQ. 3 )  GO TO 201 
READ (5,5004) YODEP AYPL 
201 G3 TO (280,282,284)~ ITYPE 
280 AC(M9DE) = AMPL 
WRITE (6,6026) CNAYE(MODE)P AMPL 
GO TO 202 
282 MODE1 = MODE - 1 
AS(MODE1) = AMPL 
AC(M~DE) = AMPL 
WRITE (6,6027) CNAME(MODE-l)r CNAME(YODE)* AMPL 
GO TO 202 
284 READ (5,5007) MODEI NTERYS 
dRITE (6,6028) 
00 203 K = 1, NTERWS 
READ (5~5008) J, AS(J)r AC(J) 
203 COATIYUE 
202 DO 209 J = 1, IMAX 
IF (AS(J)) 211r 210, 211 
211 IF (AC(J)) 2 1 5 ~  2121 215 
212 WRITE (6,6036) CNAWE(J)v AS(J1, S ( J )  
GO TO 209 
210 IF ( A C ( J ) )  213, 209, 213 
213 LRITC (6,5037) CNAYE(J)t AC(J)v S(J) 
63  TO 209 
215 NRITE (6,6029) CNAYE(J1, AS(J)r S(J)r AC(J)r S ( J )  
209 COYTINUE 
C I ( 1 )  = 1.0 
LSTCYC = 0  
I F  (NTEST *EQ*  3 )  READ (5, 5 0 0 9 )  LSTCYC 
I F  (,'dTEST.E3.3) W9 ITE  ( 6 ~ 6 0 3 0 )  LSTCYCr CNAME(MODE) 
# F ? I I E  1 6 ~ 6 0 0 0 )  
N T E S T l  = 0  
I F  (NTEST rEQm 2) N T E S T l  = 1 
................................................................. 
C 3 W U T E  L INEAR COEFFIC IENTS 
Z E  = 2.0 * 2LD 
5UZ = G A M X 4  * UE/ZE 
G1 = (GAKMA - 1m0) /2 .0  
SS = GI/GAYqqA 
CP GUZ 4: (1.0 + GG - EN) 
CPTALJ = GUZ * EN 
* * # $ % * t * * * 3 * * * * k * * * % * * f * X * * * * * * * * * * * * * > K * * % * * * * * * * * * * * * * * * * * * * * * * *  
CaYPUTE STEP S I Z E  
N I S  THE NUVSER OF P A R T I T I O N S  OF THE TIME-LAG, THAT I S ?  
STEP S I Z E  = T I V E - L A G I N  
N = 1.0 + TAU/0 .068 
i?N = N 
H = TAU/RN 
HS = i l /6 .0  
.................................................................. 
JAY = 0  
LARGEU = 0 
NOTRIG = 0  
KC1  = 0 
N C I  = 1 
N Q U I T  = 0  
DELTA = 0.1 
................................................................. 
WRITE ( 6 r 6 0 0 4 )  EN?  TAU* GAMVA? UEv RLD 
L I N E  = 3 
C  COYPUTE I N I T I A L  AND P R E I N I T I A L  VALUES FROM 
C  G IVEN I N I T I A L  CONDITIONS 
5 0 5  UP1  N + 1 
DO 206 J = 1, IMAX 
T I Y E 2 ( J )  = 0.0 
2 0 6  CONTIQUE. 
DO 45 I = 1, N P 1  
NSTEP = I - N P 1  
RSTEP = NSTEP 
T I ( I )  = RSTEP * H 
DO 4 0  J = l r  IMAX 
J P  = J + I Y A X  
ARG = S ( J )  * T I ( 1 )  
FSIN = SIN(ARG) 
FCOS = COS(ARG)  
U ( I , J )  = ( A S ( J ) * F S I N  + AC(J ) *FCOS)  * C I ( N C 1 )  
U ( I v J P )  = ( A S ( J ) * F C O S  - A C ( J ) * F S I N )  * S ( J )  * C I ( N C I )  
4 0  CONTINUE 
DO 45 NTHETA = 1, 3 
SUYT = 0.0 
5 U Y T i l  = 0.0 
DO 2 7 0  J = 1, IMAX ' 
SUYTH = SUYTH + CF(NTHETArJ )  * U ( I r J 1  
J P  = J + IMAX 
SUYT = SUMT + CF(NTHETAvJP1 * U ( I r J P )  
2 7 0  CONTINUE 
STi iSQ = SUYTH * SUVTH 
STSQ = SU!4T * SUMT 
PRESS(NTHETA, I )  = -GAMUA * (SUMT + (STHSQ - STSQ)*O.5) 
4 5  CONTINUE 
I F  (AS(MODE1) 632 ,  6 3 3 ,  6 3 2  
632 F I R S T  = C I ( N C I )  * AS(MODE1 
GO TO 631 
633 F I R S T  = C I ( N C 1 )  * AC(M0DE) 
6 3 8  NSTEP = 0 
C ................................................................. 
DO 4 0 3  NTHETA = 1 r  3 
MAXP(NTHETA1 = 0 
4 0 3  CONTINUE 
DO 4 0 0  JJ = 1, IMAX 
MAXNO(JJ1 = 0 
NCYC(JJ1  = -1 
4 0 0  CONTINUE 
I F  ( C I ( N C 1 )  *LT. DELTA) GO TO 750 
K = 0 
c ................................................................. 
530 I = N + 1  
C 
C COYPUTE U ( I + l r J )  FROM KNOWN VALUES OF U ( I r J )  
5 1 5  NTRIG = 0 
NT = ( I  - N P l  + ( L  - NP1) * K) 
RNT = NT 
TT = RNT * H 
T I C 1 1  = TT 
P = -0.5 
DO 6 0  J = l r  IMAX 
J P  = J + IMAX 
T ( J r 1 )  = U ( I - N V J P )  
T ( J r 4 )  = U ( I - ~ + l r J p l  
PA = ( P  - 1.0) * P * 0.5 
PB = 1.0 - ( P  * P I  
PC = ( P  + 1.0)  * P * 0.5 
T ( J r 2 )  = . p A * U ( I - N r J P )  + P B * U ( I - N + ~ ~ J P )  + P C * U ( I - N + ~ ~ J P )  
f ( J 1 3 )  = T ( J v 2 )  
6 0  COYTINUE 
DO 65 J = 1, NU 
Y ( J )  = U ( I r J )  
65 COYTINUE 
C RUNGEKUTTA INTEGRATION OF SYSTEM Of 0. E* 
A ( 1 )  = 0.0 
A ( 2 )  = 0.5 
A ( 3 )  = 0.5 
A ( 4 )  = 1 0 0  
CALL C O M B ( N U V ~ ~ Y P Y P )  
DO 7 0  J = 1 r  NU 
F Z ( 1 r J )  = Y P ( J )  
7 0  COYTINUE 
DO 75 11 = 2 r  4 
DO 8 0  J = 1, NU 
U Z ( J )  = Y ( J )  + A('I1) * H * F Z ( I I w 1 r J )  
80 CONTINUE 
CALL COMB(NUVIIPUZPYP) 
DO 85 J = 1, NU 
FZ(1IvJ) = YP(J) 
85 CONTINUE 
75 CONTINUE 
DO 90 J = 1, NU 





C TEST SIZE OF U(I+lrJ) 
DO 92 J = 1, IMAX 
ABSU = ABS(U(I+l?J)) 
IF (LARGEU *GT* 0) GO TO 92 
IF (ABSU .GE. 20.0) LARGEU = J 
92 COVTINUE 
IF (LARGEU .EQ* 0) GO TO 605 
IF (NTEST *NE. 2) GO TO 94 
DELSSN(NC1) = -1.0 
GO TO 731 
94 IF (NTEST1 *EQ* 1) WRITE (6,6000) 
WRITE (6,6006) CNAYE(LARGEU), TI(I), CNAYE(MODE1r FIRST 
IF (NCYC(MODE) .LT* LSTCYC) SO TO 800 




C COYPUTE PRESSURE PERTURBATION FOR THETA = 0, PI/4r PI12 
605 DO 604 NTHETA = 1, 3 
SUYT = 0.0 
SUYTH = 0.0 
DO 570 J = 1, IYAX 
SUYTH = SUYTH + CF(NTHETAvJ1 * U(I+lrJ) 
JP = J + IMAX 
SUYT = SUMT + CF(NTHETA,JP) * U(I+l,JP) 
570 COYTINUE 
STHSQ SUYTH * SUYTH 
STSQ = SUMT * SUMT 
PRESS(NTHETA*I+l) = -GAMYA * (SUMT + (STHSQ - STSQ)*O.5) 
604 CONTINUE 
C ................................................................. 
C DETERYINE YINIYUM AND YAXIMUV PRESSURE 
IF ((NTEST .EQ. 3 )  *AND. (NCYC(MODE).LT*LSTCYCI) GO TO 610 
DO 902 NTHETA = 1, 3 
P1 = PRESS(NTHETAv1-1) 
P 2  = PRESS(NT~ETAPI) 
P3 = PRESS(NTHETAVI+~) 
DPL = P3 - P2 
DPS = P2 - P1 
IF (3PL * DPS) 900, 900r 902 
900 PNUY = P1 - P3 
PDEN = 2.0 * (PI + P3 - 200*P2) 
P = PNUY/PDEN 
PA = (P - 1.0) * P * 0.5 
PB = 1.0 - (P * P'l 
PC = (P + 1.0) * P * 0.5 
PEXT = PA * P1 + PB * P2 + PC * P3 
YAXP(NTHETA1 = MAXPfNTHETA) + 1 
MXP = MAXP(NTHETA1 
PMAX(NTHETArMXP) = PEXT 
902 CONTINUE 
C ................................................................. 
C DETERYINE WHERE DERIVATIVE CHANGES SIGN TO FIND EXTREMUM 
C COYPUTE EXTREMUY UMAX(YAXNO) FROM KNOWN VALUES OF U(1-1~2)~ 
C U(Iv2)r AND U(I+lt2) BY THREE POINT INTERPOLATION 
610 DO 511 J = lr IMAX 
JP = J + IMAX 
IF ( U(ItJP) * U(I+lrJp) 500, 500r 615 
500 PDEN = U(I?JP) - U(I+lrJP) 
IF (PDEN) 501, 511, 501 
501 P = U(I*JP)/PDEN 
PA = (P - 1.0) * P * 0.5 
PB = 1.0 - (P * PI 
PC = (P + 1.0) * P * 0.5 
FOFPH = (PA*U(I-lrJ)) + (PB*U(IPJ)) + (PC*U(I+~PJ)) 
IF (FOFPH *LT* 0.0) GO TO 518 
NCYC(J) = NCYC(J) + 1 
IF ((J ONE. YODE) *OR. (NDTRIG .EQ. 1)) GO TO 518 
IF ((NTEST.EQ.1) .AND. (NTESTlrEQ.1) .AND. (NCYC(MODE)*EQ*2)) 
1 NTRIG = 1 
518 IF ((NTEST .EQ. 3) .AND* (NCYC(MODE).LT.LSTCYC)) GO TO 511 
YAXNO(J) = YAXNO(J) + 1 
Y A X  = MAXNO(J) 
UYAX(JIMAX) = FOFPH 
515 IF (U(IrJ) * U(I+l*J)) 513, 513, 511 
513 IF.(U(I?JP)) 511r 511, 512 
512 TIYEl(J1 = TIYE2lJ) 
P = U(I~J)/(U(IPJ) - U(I+~PJ)) 
TIVE2(J) = TIC11 + P * H 
511 COFJTINUE 
c ..................................................................... 
IF ((UTEST .EQ. 3 )  *AND. (NCYC(MODE).EQ.LSTCYC)) NQUIT = 1 
IF (NQUIT ONE. 1) GO TO 514 
C OUTPUT STEP 9Y STEP INTEGRATION VALUES 
IF (LINE .E3. 31 WRITE (616005) 
'IT1 = NSTEP 
TIME = RTI * H 
NRITE (6r6006) NSTEPt TIME* (PRESS(NTHETAPI)~ NTHETA = l r  3) 
NSTEP = NSTEP + 1 
LIYE = LINE + 1 
IF (LINE .LT. 52) GO TO 517 
LIYE = 3 
dRITE(6t 6000) 
C .................................................................... 
517 IF (TIME e G T .  TQUIT) NQUIT = 2 
514 IF (NQUIT *NE. 2) GO TO 510 
IF ((NTEST a E Q .  1) .AND. (NTEST1 .EQ. 0)) NQUIT = 3 
MAX = MAXNO(M0DE) 
ABSU = ABS(UblAX(M0DErMAX)) 
C ................................................................. 
510 IF (NQUIT rEQ. 3 )  GO TO 750 
IF ((UTEST1 .EQ. 1) .AVDm (ABSU eLE* SMALL)) NQUIT = 3 
1 = 1 + 1  
IF (NTRIG .EQ. 1) GO TO 707 
IF ( I *LT. L 1 GO TO 515 
C 
C .................................................................. 
C TEST5 FOR LIYIT CYCLES AND TRIGGERING LIMITS 
7 0 0 K = K + 1  
DO 711 J = lr IMAX 
IF (YAXNO(J1 O G T O  900) JAY = J 
711 CONTINUE 
DO 713 NTHETA = 1, 3 
IF (YAXP(NTHETA1 .GT. 900) JAY = 1 
713 CONTINUE 
UTOT = 0.0 
DO 701 J = Or 3 
J V A X  = MAXNO(MODE) - J 
UTOT = UTOT + ABS(UMAX(MODEPJYAX)) 
701 CONTINUE 
U A V G ( 0  = UTOT/4.0 
KCYC(K) = YCYC(Y0DE) 
IF (NTEST oE3. 3) GO TO 739 
IF (K .EQ. 1) GO TO 702 
C ................................................................. 
C TEST FOR TRIGGERING LIVITS 
IF (NTEST oEQm 2) GO TO 730 
GO T3 739 
730 UDIFF = UAVG(2) - UAVG(1) 
KC1 = KC1 + 1 
IF (UDIFF .GT. 0.0) DELSGN(YC1) = -1.0 
IF (UDIFF *LT. 0.0) DELSGY(MC1) = 1.0 
731 IF (NCI .EQ. 1) GO TO 733 
CHGSGN = DELSGN(NC1) * DELSGV(NC1-1) 
IF (CHGSGN .LT* 0.0) DELTA = DELTAl2.0 
IF (DELTA .LT. 0.001) NTEST = 1 
733 CI(NC1 + 1) = CI(NC1) + DELSGN(NC1) * DELTA 
IF (Kc10E3.1) WRITE ( 6 ~ 6 0 2 1 )  CNAYE(MODE)~ KCYC(l1r KCYC(2) 
IF (KC1 .EQ. 0) GO TO 736 
IF (LARGEU.EQ.0) WRITE ( 6 ~ 6 0 1 5 )  
1 NCI* FIRST* UAVG(1)r UAVG(2)p UDIFF 
IF (LARGEU .GT. 0) WRITE (6*6007) NCI* FIRST 
KC1 = KC1 + 1 
736 NCI = NCI + 1 
IF ((CI(NC1)oGEoDELTA) .AND. (NCI.LT.NCIYAX1) GO TO 734 
NTEST = 1 
NOTRIG = 1 
734 LARGEU = 0 
GO TO 505 
C ................................................................. 
C TEST FOR LIYIT-CYCLE AMPLITUDE 
739 CHANGE = UAVG(K) - UAVG(K-1) 
CYCLES = KCYC(Y) - KCYC(K-1) 
GROWTH = CHANGE/CYCLES 
IF ((JAY.GT.0) *AND. (NTEST~.EQ.O)) GO TO 707 
IF ((YAXNO(YODE)*GTo150) .AND. (NTESTl.EQ.1)) GO TO 750 
IF ((NTEST.GE.2) .OR. (NTESTl.EQ.1)) GO TO 702 
ABSCHG = ABS(CHANGE1 
IF ((ABSCHGoLEoERR) .AVDm ( Y A X N O ( M O D E ) * G E ~ ~ ~ O ) )  GO TO 707 
GO TO 702 
C 
C OUTPUT DATA FOR LIMIT CYCLES. 
707 IF ((NTESTmLT.3) *AND* (NTEST1oEQ.O)) GO TO 708 
WRITE (6,6000) 
NRITE (6*6004) EN* TAU* GAMVA* UEr RLD 
708 IF ((JAY.GT.0) .AND. (NTEST .EQ. 1)) WRITE ( 6 ~ 6 0 2 0 )  
IF (JAY *GT. 0) WRITE ( 6 ~ 6 0 1 9 )  CNAME(M0DE)r GROWTHv NCYC(MODE) 
IF ((JAY.EQ.0) .AND. (NTESTl*EQeO)) 
1 WRITE ( 6 ~ 6 0 3 1 )  NCYC(MODE1v CNAMEfMODE) 
IF (NTEST1 .EQe 1) WRITE ( 6 ~ 6 0 1 4 )  NCI* CNAME(M0DE)r FIRST 
WRITE (6,6032) 
DO 761 J = Ir IYAX 
JTEST = 0 
JJ = MAXNO( J) 
FYAX = 0.0 
FYIN = 0.0 
760 PEAK = UMAX(JrJJ1 
IF (PEAK .GTm 0.0) FYAX = PEAK 
IF (PEAK *LT* 0.0) FYIN = PEAK 
JJ JJ - 1 
JTEST = JTEST + 1 
IF (JTEST OLE. 1) GO TO 760 
PERIOD = TIYE2(J) - TIvEl(J1 
IF (PERIOD) 761, 761, 762 
762 FREQ = 2e0 * PI/PERIOD 
NRITE (6,6033) Jv CNAvE(J)* FMAXr FMIN* PERIOD* FREQ 
761 COYTINUE 
dRITE ( 6 ~ 6 0 3 4 )  
DO 763 NTHETA = 1, 3 
JTEST = 0 
JJ = YAXPtNTHETA) 
JJYIV = MAXP(NTHETA) - 25 
F Y A X  = 0.0 
FYIN = 0.0 
764 IF (JTEST ONE. 0) PEAK = PYdX(NTHETA*JJ) 
767 IF (PYAX(NTHETAvJJ) * PMAX(NTHETA*JJ-1)) 768r 768r 769 
769 IF (JTEST *EQ. 0) GO TO 765 
PEAKl = PMAX(NTHETA~JJ-1) 
ABSPf = ABS(PEAY) 
ABSP<l = ABS(PEAK1) 
IF (ASSPKl .GTe ABSPK) PEAK = PEAKl 
JJ = JJ - 1 
GO TO 767 
768 JTEST = JTEST + I 
IF (JTEST .EQ. 1) GO TO 765 
IF (PEAK .GT. 0e0) FMAX = PEAK 
IF (PEAK .LT. 0.0) FYIN = PEAK 
765 IF (JJ OLE. JJVIN) GO TO 763 
JJ = JJ - 1 
IF (JTEST OLE. 2) G O  TO 764 
PKTBPK = FYAX - FMIN 
WRITE (6,6035) ANGLE(NTHETA)P FMAXr FMIN* PKTOPK 
763 CONTINUE 
IF (NTEST .EQ. 3) GO TO 703 
NRITE ( 6 ~ 6 0 0 0 )  
WRITE ( 6 ~ 6 0 0 4 )  EN', TAU* GAMYAr UE? RLD 
C 
703 NQUIT = NTEST 
IF (NTRIG .EQ. 1) GO TO 515 
C REASSIGN DEPENDENT VARIABLE ARRAYS 
702 DO 95 I = 1, NP1 
DO 704 NTHETA = lr 3 
PRESS(NTHETAv1) = PRESS(NTHETArL - NP1 + I )  
704 COYTINUE 
DO 9 5  J = 1, NU 
U(IIJ) = U(L - NP1 + IvJ) 
95 COYTIYUE 
GO TO 530 
c 
C OUTPUT OF PRESSURE AMPLITUDES 
750 IF (NOTRIG mEQ* 0) GO TO 754 
WRITE (6r6010) NCI* CNAYE(MODE)P FIRST 
IF (CI(NC1) .LT. DELTA) GO TO BOO 
WRITE (6~6000) 
754 IF (NTEST * N E *  3) GO TO 779 
DO 751 NTHETA = lr 3 
NRITE(6r 6000) 
WRITE (6~6016) ANGLE(NTHETAI, MAXP(NTHETA) 
MAX = MAXP(NTHETA) 
LINE = 1 
DO 751 JST = 1, MAX* 8 
LST = JST 
JSTOP = JST + 7 
IF (JSTOP *GT. MAX) JSTOP = MAX 
WRITE (6*6013) (PYAX(NTHETAvJ)v J = LSTv JSTOP) 
LIVE = LINE + I 
IF (LIVE *LT. 25) GO TD 751 




779 IF (LARGEU sGT* 0) GO TO 777 
IF ( ( Y T E S T . E Q . ~ ) * A Y D * ( N T E S T ~ . E Q * O ) ~ A N D ~ ( J A Y E Q O  G  TO 800 
C OUTPUT AYPLITIJDES OF SERIES TERMS 
777 IF ((LARSEU.EQe@ *AND* NOTRIG.EB*O) *OR* NTESTeEQe3) 
1 WRITE (6*hOCO) 
dRITE (616017) CNAME(b1ODE)r LSTCYCI NCYC(M0DE) 
YAX = MAXNO(MODE) 
LIVE = 3 
IF (LARGEU *GT* 0) LINE = 11 
DO 776 JST = 11 MA X *  8 
LST = JST 
JSTOP = JST + 7 
IF (JSTOP *GT* YAX) JSTOP = MAX 
WRITE (6~6013) (UMAX(MODEPJ)* J = LST* JSTOP) 
LINE = LINE + 1 
IF (LINE *LT* 25) GO TO 776 
LINE = 0 
NSITE(6r 6000) 
776 COUTINUE 




C FORMAT SPECIFICATIONS 
C 
5000 FORMAT (72A1) 
5001 FORMAT (F5.2~215) 
5002 FORMAT ( 3 1 5 ~ 2 F l O e 5 * 7 X * ~ 3 )  
5003 FORMAT (315rF10.5) 
5004 FORMAT (15rF10.5) 
5005 FORMAT (4F10.0) 
5006 FORMAT (215rF10.0) 
5007 FORMAT (215) 
5008 FOQMAT (15~2F10.0) 
5009 FOXMAT (15) 
6000 FORMAT (1H1) 
6001 FORMAT (2Xv14HPROGRAM LIYCYC/2X*22HSECOND ORDER NONLINEAR* 
1 31H COYBUSTION INSTABILITY PROGRAM///) 
6002 FORMAT (4X*12HJ M N A B I ~ X * ~ H ~ Y N * ~ X I ~ H J Y ( S M N ) ~ ~ X P ~ H N A H E / )  
6003 FORMAT (1H r//4X*22HI J K C(I*J*K)/I 
6004 FORMAT ( ~ X P ~ ~ H C O M B U S T I O N  PA94METERS: INTERACTIOY INDEX = rF7.51 
1 12XvllHTIME-LAG = *F7.5/2X*l?HMOTOR PARAMETERS:rlgX* 
2 8HGAMYA = r F 7 0 5 ~ 2 3 H  EXIT MACH NUMBER = vF7.5~ 
3 22H LENGTHIDIAYETER = *F7.5//) 
6005 FORMAT (37Xr23HWALL PRESSURE WAVEFORMS/2X*SH S T E P P ~ X P ~ H T I M E *  
1 9X*9HO DEGREESr5X*lOH45 D E G R E E S P ~ X * I O H ~ O  DEGREES/) 
6006 FOQVAT (2X*I5r4F15.5) 
6007 FORMAT ( ~ X * I ~ ~ F ~ ~ . ~ ~ ~ O X V ~ ~ H A Y P L I T U D E  LIMIT EXCEEDED)
600A FORMAT (2X///2X*13HAWPLITUDE OF *A3*23H(T) EXCEEDED 20 AT T = I 
1 F8.5/2X*21HINITIAL AYPLITU3E OF *A3*8H(T) WAS *F0.5//) 
6009 FORMAT (2Xv26HINPUTS FROY PROGRAY NLCOEF// 
1 2XfRHGAVMA = *F5.2r5X*8HJMAX = *I2*5X*9HNLYAX = tI3//) 
6010 FORMAT (2X//2Xr38HFAILED TO FIND TRIGGERING LIYIT AFTER r 
1 1 5 ~ 7 H  T R I A L S / ~ X ~ ~ ~ H I N I T I A L  AYP ITUDE OF rA3r 
2 20H(T) ON LAST TRY WAS *FB.5//) 
6013 FORMAT (lHOt7X~BF13.7) 
6014 FORMAT (2Xr29HTRIGGERING LIMIT FOUND AFTER vI5t7H TRIALS/ 
1 2X*21HINITIAL AMPLITUDE OF rA3*8H(T) WAS *F8.5//) 
6015 FORMAT (6X*I3rlX*4Fl5.6) 
6016 FORMAT (11Xv30HWALL PRESSURE PEAKS THETA rF4.1~8H DEGREES/ 
1 llXv13r17H VALUES COMPUTED/) 
6017 FORMAT ( ~ I X P ~ B H E X T R E W E  VALUES OF rA3r3H(T)/ 
1 llX*21HOUTPUT STA9TED AFTES r I 5 ~ 7 H  CYCLES* 
2 19H STOPPED AFTER r I 5 ~ 7 H  CYCLES//) 
6019 FOXMAT (2X*13HAMPLITUDE OF ~ A 3 * 1 6 H  IS CHANGING BY rF9.61 
1 17H PER CYCLE AFTER vI5r7H CYCLES//) 
6020 FORMAT (2Xr39HFAILED TO ATTAIN LIMIT-CYCLE AMPLITUDE.) 
6021 FORMAT (17X~7HINITIAL~7X~9HAMPLITUDE*hX*9HAMPLITUDE/lbX* 
1 ~ H A Y P L I T U D E I ~ X P ~ H A F T E R ~ ~ O X ~ ~ H A F T E ~ * ~ X ~ ~ H C H A N G E  IN/6X* 
2 S H T R I A L P S X V ~ H O F  *A3*3H(T)r5~*12*?H CYCLESv6Xv 
3 I2*7H CYCLES*6Xv9HAYPLITUDE/) 
6022 FORMAT (2Xp32HCALCULATE LIMIT-CYCLE AMPLITUDE.//) 
6023 FORMAT (2Xp27HCALCULATE TRIGGERING LIMIT.//) 
6024 FORMAT (2Xv29HCALCULATE TRANSIENT aEHAVIOR.//) 
6025 FORMAT (2Xv36HINITIAL CONDITIONS FOR -TAU < T < 0//) 
6026 FORMAT (2Xv38HSINGLE STAN3ING YODE INITIALLY PRESENT/ 
n 2Xv32H(PRESSURE AYTIYODE AT THETA = 0)// 
2 EX*21HINITIAL AMPLITUDE OF ~ A 3 r 4 H  IS vFf3.5//) 
6027 FOXMAT (2Xt38HSINGLE SPINMING YODE INITIALLY PRESENT/ 
P 2Xt42HYOVING COUNTERCLOCKWISE (THETA INCREASING)// 



















( ~ X ' P ~ ~ H A R B I T R A R Y  COMBINATION OF MODES INITIALLY PRESENT//) 
(2XvA3rSH(T) = rF8.5r7H * SIN(vFBeSr8H*T) + P 
F8.597H * COS(vF8-5*3H*T)/) 
(2X//2Xv25HDATA OUTPUT BEGINS AFTER rI5rllH CYCLES OF v 
A3*3H(T)) 
(2Xv37HLIMIT-CYCLE AMPLITUDE REACHED AFTER r 
I5v12H CYCLES OF rA3//) 
(2Xv23H J YODE YAXIMUMr8X*7HMINIMUM,BX, 
~ H P E R I O D * ~ X I ~ H F R E Q U E N C Y / )  
(2Xr I3r4XvA3vF13.5v3F15.5)  
( ~ X / / / ~ X P ~ H T H E T A V ~ S X ~ ~ ~ H W A L L  PRESSURE PERTURBATION/ 
~ X ~ ~ H ( D E G R E E S ) ~ ~ X ~ ~ H V A X I M U Y ~ ~ X P ~ H M I N I M U M ~ ~ X *  
12HPEAK-TO-PEAK//) 
(F8.1r2Xr3F15.5) 
(2XvA3*6H(T) = rF8.5r7H * S I N ( ~ F ~ . ~ ~ ~ H * T ) / )  
(2XvA3vSH(T) = vF8.5r7H * COS(rF8*5*3H*T)/) 
(2Xv72Al///) 
SUBROUTINE COMB(NU*IIPU~UP) 
DIMENSION U(NU)v UP(NU) 
DIYENSION S(20)r T(20vU)v C(20r20r20) 
COMMON CPr CPTAUv IMAXr Cr Sr T 
C 
DD 10 I = 1v IMAX 
IP = I + IMAX 
550 = S(1) * S(1) 
R V  = T(IvI1) 
UP(1) = U(IP) 
SNL = 0.0 
DO 20 J = 1v IMAX 
DO 20 K = 1, IMAX 
COEF = C(IvJrK1 
KP = K + IMAX 
SNL = SNL + (COEF * U(J) * U(KP)) 
20 COVTINUE 
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